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§0. O

(0.0) X CPN 000O0O0O0OOOOOO0O,0000 PYOOOO (0O00,00000
00000000)00000.0000000 CcOo0ooo.

(o.)oo: xcP¥Noooo,

Sec X := U a:*yQIP’N

z,yeX
z#yY

0 X O secant variety 00 0. 000, z+xy 0 0O 2,y 000,0000 PN OOODO.

(0.2) JODDODODO secant variety, 0000000000000 OOO, 0000000
gobooo

I secant variety 0 00000000000 (0000000000000 0OO0OO
O0000ooo)ooo
IT higher secant variety O O 00 0

ogooo.
PARrRT I

¢l. DOOoooo
(1) 0000oooo,000000000:

Hartshorne’s Conjecture on Linear Normality [Ht]: For non-degenerate, smooth
X cpm
dim X > 2codim X — 1= X C P"™ : linearly normal

(1.2) 000, X CP™ O linearly normal 00000, 00000
HO(P™,0(1)) — H"(X,0(1))
0 surjective O 0O, 0000ODO.
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(1.3) 0000000000 F.L.Z2k OODO,000000000000000O:
Theorem (Zak, 1979) [Z]: For non-degenerate, smooth X C PV

Sec X #PY = 3dim X < 2N —4

(1.5) secant variety 0000, 0000 2dimX +100000000000,0000
gbobooodgooo,

O0: X CP 0O secant deficiency [
0:=2dimX 4+ 1 — dim Sec X

oogo.

(1.6) Zak 0O OO
1
Sec X #PN = § < 5 dim X

ooo.
(1.7) 0000000000,

O00: X CPY O secant variety 000000000, >000 Sec X APN O00O0OO
ooooo.

(1.8) 00: Zak 00 00DODO000ODODOOOOOOOOOD, 000, 0000000
0000 XCPO
Sec X #PY & 3dimX +4=2N

OO000D000 Severi variety 00O .

(1.9) Severi variety 0 000000000000 OO0O00OOO: T. Fujita-J. Roberts
[FR], R. Lazarsfeld, H. Tango [T], F. L. Zak , ... 00000 Zak OO OOOOOODO
oo:

Classification of Severi Varieties (Zak, 1981) [Z]: Each Severi variety is projec-
tively equivalent to one of the following:

(1) Veronese surface, v(P?) C P5(§ = 1)

(2) Segre product, P? x P? C P8(§ = 2)

(3) Grassmann variety, G(2,6) C P14(§ = 4)
(4) Eg-variety, X106 C P?5(§ = 8)

O 0: Severi variety D00 O00000OO.

O0: 00 ZkOOOODODOOOODDODODOODODOODOODO XOoooobooooooo
00,00000000000000000000D0O0O0O0O0O0OO00, T. Fujita [F],
M.Ohno O|0000000O0DOOO. 0O0000DO,XO0000O0O0OO0ODOODOOOO
00000000000 00D0. O0DO0o0DbOOo0DbO,00000000D0000 Ohno
gooooooobn.

(1.10) R. Lazarsfeld-A. Vande Ven 000, 0000000000

Problem (Lazarsfeld-Van de Ven, 1984) [LV]: Do there exist non-degenerate,
smooth projective varieties X C PN with Sec X # [P and arbitrarily large secant defi-
ciency 67

(1.11)000ooooooooooo:



Main Theorem: For a homogeneous projective variety X C P, we have
Sec X #PYN = § <8,

and
0 =8 = X ~ Fg-variety mod PGL.

§2. 00ODO0O secaNT VARIETY DO 0O0OO0OOODOO
(21) 0000000 XCcPOOODOODOOOOOO,

00: 00000 G000 p: G — GL(V)0OODODODOO G~ P(V)DOD0O0DO
XCP(V)O,(GOODODOOD)O0O0O0O0O0OO (homogeneous projective variety) O
goooooo.

(2.2) 00000000000 XCPOSecX#POO é>00000000000
OoOOob0,00b0b0b0obobobooob. Z2kOOOOoooooooboooboooobo
gboobog.ogo,boogi:

Problem : Classify homogeneous projective varieties with degenerate secant varieties.

(2.3) 00O: Zak [Z, Chapter III] O, secant variety 1 00000000000 X™ CPY
Oo0ooooo.ooo0,bdb N<2n+10O0OOOOOODOODO.0bOoboooooo
O0,000000000000000D00 Z2kOODOOODOODODODOODOOODDOO
O00. 00000 20 Veronese variety 0,20 00000000 Grassmann variety
O000000oo0o0oO0UooDooo,000000oooooO00,00o0oon (=0
0000000000000000)O0O0O0000o0ooo.

(2.4) REDUCTION STEPS ([Z, Chapter III] 00 ): 0000000000, 0000
O000o0obO0oDoobOOo0bOoDoOo:bObo0obOOo,b0b0b0o0obOooDoOoobooOo G
00000000000 0DO0,00,00000000DO0O00D0O00DOODOO,00 p
ooooooon.

000 O0000 pO000O00,000D000O0O000DO. OO0DDOOO,00000
p O highest weight 0 AO 0O, A0 weight 00000000000 0OO0O0O0O vy,eV
oooo,

X =G-[vy] CP.(V)

000 (0000 [FH OO). 000, P.(V):= (V\{0})/C*.

000,000 O0000DO0ODO0OO0O0O0O0O0O0O0ODODOOD,000b0bO0ODbDOD
OO000D00O Segre OO0O. ODODO,0000D00000O0O00ODOO:

Fact (Zak) [Z]: If G is not simple and § > 0, then X C P is a Segre embedding of two
projective spaces and § = 2.

00, 000d00d0d0oooooobood0ooooooooon.

(25) J0000ODDOD GUOOO,00 Lied g0 Cartan OO0 b, 00O, 00
root b R={aq,...,oq} 0000,0000000 fundamental dominant weight 0
wy,...,w; OO0. 000, rk G =1. dominant weight 0 0 0O O A%DDD. ood,

A—’V{/ = @ Zzowi - f)i

1<i<l

gdo. ogo s f)ﬁ% = <Oé1, e ,Oél>R g f]* = HOIIl C—linear(hac)~



(2.6) 000 dominant weight 1000 (0000 [FH]OO): 0000000, 00
pO0000, 00 highest weight \0O0OOO0O00,G000000000 (0000)0
000 Af; OO bijective 00000

bijective
{GO0o000ooooog Y/~ — Ay
p —— A= (p O highest weight)

(2.8) 00,00000000 G O dominant weight \00000000,000000
0000000 XCPOOOO,GO00000000000000000000000.
(2.9)0000: Sec X #P,(V)0OOOOOOOO,6>000000000000,0
0000000 (000 [K1)O0):

a : the highest root of g
A : the highest weight of p
i : the lowest weight of p

ooooo,

Criterion:
A=—p,A—a)>0=9§=0,

where (%, *) is the inner product defined by the Killing form.

(2.10)0000000,0000. 000, secantvariety 00000000, “Sec X #P”
obobobooboobooboobobboboo.

Theorem 1: Let G be a simply connected, complex simple algebraic group with Lie
algebra g, and let X C P be a homogeneous projective variety obtained from G, which
corresponds to a dominant weight \. Then X C P has § > 0 if and only if the type of
g and \ is one of the following:

(A
(A

(A
(Ar>

) w1,2w1
) wl,w2,2w1,2w2,w1 + w2
3) Wi,ws;ws; 2w, 2ws;wy + ws
4) W1, W W, wWi—1; 2w, 2w w1 + wy
( ) w17w272w2
(Bi=3,4) w1;wa;w
(Bi>s5) wijwa
(C1>3) wi;wa;2wo
(Di=4,5) wi;wa;wi—1,w
(Di>6) wiiwa
( 6) W1, We,; W2
(Br7) w
(Bs) w
(Fy) wl,w4

(G2) wijwa
where w; : the i-th fundamental weight as in [B].

(2.11) 00000 (0OO0, [K1]OO):
=A—pmA—a)

O00. Lie0O0OO0ODOO0OO, highestroot a0 w; 0 100000000000. O
0, dominant integral weight A\ = ) . bw; O highest weight 00000000000



lowest weight o O, 0000000000 0O0OOOO0OOOO0ODOO0ODO, w; 0 100
000000000 (BjoOOOO0OO). 000000 0ooOo0oO0o0ooooO 0O
oooo,0oo0o,yn 000 200000.

e<0U0000OD0O0O0ODOO b, 0D000D0OD00OO,e<O00DO0 weight DOOOOO
obobooboo.

O0,0000000 weight 0000000000000 D0O0ODOODO 00000
([FH], [KOY], [LV], [2] 00), 0000000, >0000000000000. O
(2.12) 0O OO, Criterion 00000 implication 00000000000,

(2.13) 000,00000000Sec X 2P0000000000000 ([FH], [KOY],
ILv], [zl 0O0), 0000D0O0O00OD. 000, 00000000000000
Problem OO OOOOOOODOOO.

(2.14) Main Theorem OO 0O: OO0 Sec X # P, 00,6 >80000000000
XCcpPODOOODODO.ODO,XOODOOOO O0OODOODOODOOO,é6>0
0 Fact (24)000,6=2000,00.000,G000000000000.000
0000000, 000000000bO0bO00DO0o0DbOobOOobDOoooO.oO0,é=800
o0, 000dobobogog, Eg-variety OO0 Ooooooo. O



Part 11

§3. HIGHER SECANT VARIETIES

(3.1)00: 0000000 XCP¥YOOOO,

SFX = U (zo,...,xK) C PN

0 X O the variety of k-secants D0 0. Sec X =S'X 000.
3.2) X, ycprP¥Noooao,

S(X,Y):= U T*Y

zAy,z€X,yey

nooo,
SFX = S(X,8F1X)

00000000000.000,0000 sx=s,_1+n+100000000000.
000, s, :=dimS*X00,5S*X 000000000000000

Op := Sp—1+n+1—s;

oooo.é=6000.
(3.3)00000ooooo

SOX =X CS'X=Sec XCS2X C...C Shko-1x C Ghox = pN
O00.0000 SFX=P¥NOOO k0OODO kL OOOODOOOO:
ko := min{k|S*X = PV}

(3.4) 0000000000000 0OOODOOODOOOO:
Fact (Zak) [Z]:

(1) 6k < mn, that is, sy — sx—1 > 1 for k < ko, and dy, < n.
(2) 0k > 0k—1+ 9 for 1 <k < ko. In particular, o), > ko for 1 < k < k.

(3.5) Example 1: (1)000,0000 XCP¥OOOOO,

S = min{2k + 1, N}

N: odd
N-3 N-1
Sk — Sk—1 2 2 2 2
Sk 1 3 5 N =2 N
Ok 0 0 0 0




N: even

N-—2 N __
k 0 1 2 5 5 = ko
Sk — Sk_1 2 2 2 1
Sk 1 3 5 N -1 N
Ok 0 0 0 1

(3.6) 00: d O Veronese 00, vg: P* — PN 00O
VI = vg(P") C PN

0 Veronese variety 00 0. 000, N+1="f)000
(3.7) 0 O: Veronese variety V' O s, 05, ko 0000

(3.8) ko(V?) 00OD: n+10000000000,000 d00000000 100
0Jd0000000000000 100000,k 000.

(3.9) 0000000000000, 00000 Veronese variety 00000, s, 0, ko
000000000000000 ((Hr, p. 147700).

§4. OO

(4.1) Theorem 2 [K2]:

(a) If n > 2, then §;,(V3') =k for 1 <k < n.
(b) ko(V5") = n.

O000: (a) OO0, Veronese variety Vo* 00, Zak 0000 (34) 0 (2) 00000
O00ooo. (b0 k=nO000200000000000000000000O,O
goodoooobobobooo.

(4.2) Theorem 3 [K2]:

(a) If n > 2 and d > 3, then 6, (V') =0 for 1 <k < n.
(b) Moreover d541(V$) = 2, and §,41(V])) =0 for n > 2 or d > 3.

(4.3) Theorems 2,3 00 00000000,0000000000,
Example 2 (n=2000):

V22 g IP)5
k 0 1 2=k
Sk — Sk—1 2 1
Sk 2 4 5
Ok 1 2




k 0 1 2 3= ko
Sk — Sk—1 3 3 1
Sk 2 ) 8 9
Ok 0 0 2
‘/42 g P14
k 0 1 2 3 4 5= ko
Sk — Sk—1 3 3 3 2 1
Sk 2 5} 8 11 13 14
Ok 0 0 0 1 2
V52 g PQO
k 0 1 2 3 4 5) 6 = ko
Sk — Sk—1 3 3 3 3 3 3
Sk 2 5} 8 11 14 17 20
Ok 0 0 0 0 0 0
V62 g P27
k 0 1 2 3 4 8 9=k
Sk — Sk—1 3 3 3 3 3 1
Sk 2 5 8§ 11 14 26 27
Ok 0 O 0 0 0 2
(4.4) Example 3: d=3000
V31 g IP)S
k 0 1=k
Sk — Sk—1 2
Sk 1 3
Ok 0
V32 g IP)9
k 0 1 2 3= ko
Sk — Sk—1 3 3 1
Sk 2 ) 8 9
Ok 0 0 2




V33 g P19

k 0 1 2 3 4 =k
Sk — Sk—1 4 4 4 4
Sk 3 7 11 15 19
Ok 0 0 0 0
V34 g P34
k 0 1 5 6 7= ko
Sk — Sk—1 5) 5 4 1
Sk 4 9 29 33 34
Ok 0 0 1 4
V35 g P55
k 0 1 6 7 8 9 = kg
Sk — Sk—1 6 s 6 6 6 2
Sk 5 11 41 47 53 59
Ok 0 0 0 0 4

(4.5) Grassmann variety 0 Plicker 0000000,

Theorem 4 [K3|: Assume that 2 < r and q := [n/r] > 2. Then:
(a) 0k(G(2,n)) =4k for 1 <k <q-—1.
(b) ko =q—1.

(4.6) Theorem 5 [K3|: If r > 3, then 6, (G(r,n)) =0 for 1 <k <q—1.

(4.7) Conjecture: §,(G(r,n)) > 0 & (r,n) = (3,6),(3,7),(4,8) or (3,9), where
q:= [n/r].
<< ggogoooooooobooooa.
(4.8) O0O: 20 Veronese variety V3*, 00 0,2000000000 Grassmann variety
G(2,n) O, Scorza variety D 000 O. Theorems 2, 4 0000, Zak 00000000
O ([Z, Chapters V, VI] O O).

§5. OPEN PROBLEMS

(5.1) 4 000000D000O0ODOO,0000000 openproblem OOOO. 0000
oooobooon

Terracini’s Lemma/C: For a projective variety X C PV, we have
T.88X = (T, X, ..., Ty, X)
for general xg,...,r; € X and for a general z € (xq, ..., x).

gbbob:boodaobb,>ob0bbbdfgdi. strange carve DO UOOOODO.
(5.2) 00: 000 GUOUOODOOOODOOOOO XCcPkPOOOO,

tmax (X) := max{t|diagonal action G ~ X X --- x X has a dense orbit}
—_—

t times



goo.o0oad

goo.

(5.3) Ek<tmax—100 EK0O0O0O0O0,00000000000C000D0DOOO
7o, ..., o O normalize O, Terracini’s Lemma 000000000, S*X 0000 (O
oooo0)oDoooo.

(5.4) OO OO, Criterion (2.9) 000000000 ODO0OOOO:

Proposition [Z], [LV]: If X C P is a homogeneous projective variety obtained from a
simple algebraic group, then ty.x(X) > 2.

(6.,5) D0 0O0OIOOOODODO
tmax(P") =n+ 2

OO00. 000, Terracini’s Lemma OO 0O 0O 0O, Theorems 2, 30 00000.
(5.6) Threorems 4,5 00000,00,0000:

Proposition [K3|:
tmax(G(r,n)) > q+1
where q := [n/r].

(5.7 ¢>2000,

dimSL(n)  n® -1 5 ‘
! - 5 (best bl
qg+1< dimG(r,n)  r(n—r) <q-+ 5 (best possible)

0000000, 300 Proposition 000000, tmax(G(r,n)) =¢+1lorg+2000.
(5.8) D0 tmax(G(r,n) =¢+20000000007 tmax(G(3,11)) =507

(5.9) 00: 0000000 XCPOOOO, tnax(X)0OOOO. DOOOOOOOOO
00000000 X0O0O00O,0000000 weight A\ODOOD thax(X) OOOOO
oo?
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