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INTRODUCTION

The purpose of our work is to study projective geometry of adjoint varieties, and
the purpose here is to illustrate the structure of adjoint varieties and their secant
varieties in case of type A, and to give new results for general cases: The former is
almost known; the latter is part of joint works [KOY, KY] with O. Yasukura (Fukui
University) and M. Ohno (Waseda University).

In this article, we first give fundamental definitions in §1 and some known results
on adjoint varieties in §2. Then in §3 we look at A;-case in detail and make a few ob-
servations. We next state our results for general cases in §4 and give proofs for some
of those results in §5. To investigate the structure of adjoint varieties, we need to
investigate that of Lie algebras in detail, and for this purpose we briefly introduce in
85 the notion of symplectic triple systems that is the key in our proofs. This notion
was firstly introduced by H. Asano (Yokohama City University). In Appendix A
we prove a result on certain homogeneous spaces that appear in proofs of our main
results. The homogeneous spaces in question are called cubic Veronese varieties
by S. Mukai [M2], and correspond to the symplectic geometry of H. Freudenthal
[F]. Finally in Appendix B we give defining equations of higher secant varieties of
adjoint varieties of type A. I believe that the results in Appendices are also new.

1. DEFINITIONS

Definition 1 [B1, B2]: For a complex simple Lie algebra g, let G be a simple
algebraic group with Lie algebra g, and denote by Ad : G ~ g the adjoint represen-
tation: If G is a closed subgroup of some GL,,C, then Ad g is just the conjugation
by g € G. Consider a natural action

G ~Pi(g) == (g\ {0})/C*.

Then it is well-known [FH, H2| that since g is simple, there exists a unique closed
orbit in P,(g), denoted by X(g). We call X(g) an adjoint variety associated to g,
which is a non-singular, non-degenerate projective variety in P, (g).
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Note that since AdG = Intg, X(g) does not depend on the choice of G and is
uniquely determined by g, where Intg := (expadY|Y € g) C GL(g). Therefore
adjoint varieties are completely classified by the Dynkin diagram (see §2 below)
since so are complex simple Lie algebras, as is well-known (see, e. g. [H1]).

Take a Cartan subalgebra h and a base A of the root system R with respect to
h, and fix an order on R defined by A [H1|. Let A\ be the highest root, and take a
highest root vector X € g. Then we have

X(g)=Intg -z =7(G- X)) CP.(g),

where z; :=7X), and 7 : g\ {0} — P.(g);Y — C-Y is the canonical projection.

Definition 2 [FR, LV, Z]: Let X C P¥ be a complex projective variety. For
distinct points x,y € X, we call the line joining x and y the secant line determined
by x and y, which is denoted by x % y. Moreover set

Sec X = U zxy CPY
z,yeX,x7y

This is an irreducible algebraic set in PY, as is easily seen, and considered as
a projective variety with reduced structure. We call Sec X the secant variety of
X C P(JCV . Secant varieties of projective varieties usually have singularities along at
least X.

2. TABLE OF ADJOINT VARIETIES

The facts given in this section are well-known (see, e. g. [FH]).

Classical Type.

type g Int g A Ad  X(g) CP.(g) dimg
Ais1 sl PSLiy1  wi+w K PLx PN (1) 12+2
Bi>2  sog41 PSOg4q wWoy N2V F(Q*1) 202 +1
Ci>3 5Po; PSpy 2w1 S2V v (P2 1) 202 +1
D>y soy PSOy wo A2V F1(Q%*72?) 202 — 1

Notation. For a group G, set PG := G/Z(G), where Z(G) is the center of G.
Moreover for each type, set
(A) 5[l+1 = {Y € Ml+1C‘tI‘Y = 0}, SLl—I—l = {g € GL5+1C|detg = 1} %

V = C®*1; Z(SL;y 1) = 41, where p, denotes the group of n-th roots
of unities. K := Ker(A'V @ V. — A1V = C) ~ Ker(V* @ V — C) via
ANV ~ V=,

(B, D) so, :={Y € MnC’tYQ + QY =0}, SO, :={g € GLn(C|thg = Q,detg =
1} AV :=C®" with

0
Q= [[ 0 I[n/z]} or Q= |Inmy 0 0];
im0 0 0 1
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Z(S0,,) = ps if n is even, and Z(S0O,,) is trivial if n is odd.
(C) spy = {Y € MyCl'YQ + QY = 0}, Spy := {g € GLxuC|'9Qg = Q} ~
V = C%? with
0 J,} ,

Q= {—I, 0

Z(Spa1) = pa-
We denote by F1(Q™) the Fano variety of lines in m-dimensional quadric hyper-
surface Q C P™T1, which is a (2m — 3)-dimensional subvariety of a Grassmann
variety G(2,m + 2) and the polarization here is defined by the Pliicker embedding
of G(2,m+2). We also denote by vy the Veronese embedding, and by N(1) cutting

by a hyperplane. The notation for fundamental dominant weights w; are same as
in [B].

Exceptional Type.

type A dim X (g) dimg
FEg wa 20+1 78
E7 w1 32 —|— 1 133
Exg ws 56+ 1 248
F4 %} 14 + 1 52
Go w2 441 14

The adjoint variety of type Go appears in the work of S. Mukai [M1] as a Fano
5-fold of index 3.

3. THE CASE OF TYPE A

We set G := PSL; 1,V := C'*! and consider the following subsets of Hom(V, V) =
V*QV = My, C:

Hom(V, V), := {p € Hom(V,V)|rkp < r}
K :={peHom(V,V)|tro =0} =Ker(V* @V — C) =sl;41
K, := KNHom(V,V),.

Moreover we set
H := diag(1,-1,0,...,0) € M;,C,

and denote by

X(ky k)
a nilpotent matrix in M;;1C that is a direct sum of Jordan cells of sizes k1, ..., ks.
Recall that the adjoint action Ad : G ~ K is just taking the conjugation in this

case. Obviously the algebraic set w(K, \ {0}) C P,(K) has defining equations of
degree r 4 1.

3-1. Adjoint Varieties. We first recall a few descriptions of adjoint varieties of

type A: The results in this subsection are well-known or easily deduced (see, e. g.,
[FH, p. 389)).

Lemma 1: G- 7X(9;1...1) = 7(K1 \ {0}).
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Proof: Note that orbits are considered with the reduced structure, as usual, and
it follows from [E, Theorem 2.1] that the right hand side is reduced: In fact K is
l-generic. Therefore it suffices to show that the equality holds set-theoretically.

The inclusion C follows since the rank and trace are determined by conjugacy
class. The converse D follows since a traceless rank one matrix has Jordan normal
form X(gl...l). ]

Lemma 2: 7(K; \ {0}) =P.(V*) x P.(V) NP, (K).

Proof: 'We have m(Hom(V, V)1 \{0}) = P.(V*) x P, (V) since for ¢ € Hom(V,V) =
V*e@V,tkp <1lifand only if o = f @ v for some f € V*andv e V. O

From the above we obtain
Proposition 1: X(A4;) = 7(K; \ {0}) =P.(V*) xP.(V)NP.(K). O

In particular X (A;) is defined by quadric equations. Note that we also have
(K1 \ {0}) =F(L,1,V) = P(Tp (1))

via P,(Hom(V,V)) =P, (V* @ V) = P(V* ® Op ), where P(x) is the dual of P, (%),
and F(1,1,V) is a flag variety defined by the incidence correspondence of 1- and
[-subspaces of V in P,(V*) x P,(V): In fact, the first identification is given by
v < (e(V) C Kerp C V); the second comes from the Euler quotient V* @ Op —
Tpi(—1) on Pt =P(V).

3-2. Secant Varieties. Using the description given in the previous subsection,
let us look at secant varieties of adjoint varieties of type A in detail. We first have

Proposition 2: Sec X(A4;) = n(K2 \ {0}).

Proof: ~ As in the proof of Lemma 1, it suffices to show that the equality holds
set-theoretically. The inclusion C follows from Proposition 1 and an elementary
fact that k(A + B) < rk A + rk B. For the converse D, since the roots of the
characteristic polynomial of Y € K5 are a, —a (a € C) and 0 with multiplicity [ —1,
the Jordan normal form of Y is one of the following;:

aH, X(31---1), X(221m1), X(21-~-1)~

Each of those matrices can be written as a sum of two elements of K;: For example,
we have
1 0 1 1 1 -1
2[0 —1] - [—1 —1} * {1 —1]' =

Observation 1: We see from the proof above that Sec X (A;) consists of 4 orbits
through mH, 7X(31...1), TX(221...1) and 7X(21...1) if tkg = [ > 2. Computing the
stabilizers one obtains that those orbits have dimension 41 — 2,41 — 3,4l — 5 and
2l — 1, respectively.

Since secant varieties are irreducible, this implies

Proposition 3: Sec X(A;) =G -7H and dimSec X (4;) =2dim X(4;). O
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3-3. Tangent Loci. For z € P,(g) denote by ©, the tangent locus with respect
to z, that is, set
0. :={z € X(g)|lz € T, X(g)},

where T, X (g) C P.(g) denotes the embedded tangent space to X (g) at x.
In the simplest case [ = 1, we see that there are exactly two orbits, G - 71X (9) =
X(4;) and G-7H =P,(g) \ X(A;). In terms of homogeneous coordinates, we have

X(A1) ={(&:n: Q)& +n* =0} CP? =P,(s,C)

via

E:n:Q) = Xn+nH+(X )= {Z _gn}
with X\ = X() and X_» =t X(9). Since T, X (A1) = {¢ =0} and T,  X(A;) =
{¢ = 0}, it follows that T, X(A;) N T, X (A1) = {h}, where x4 :=7X, =(1:0:
0),z_ :=7X_x=(0:0:1),and h:=7H =(0:1:0).

Observation 2: We have Oy, = {z4,z_} for X(A;) since X(A;) is a conic. More
generally for an arbitrary z € Sec X(A1) \ X(A1) we have ©, = {x,y} for some
pointsxz # y € X(A;). We have z = gh for some g € G since Sec X (A;)\ X (A1) =
G-h, hence {z,y} = {gz4,gx_}. Thus for a general point z € Sec X (A1), the points
x,y of tangents through z are corresponding to the highest and lowest root vectors
with respect to a Cartan subalgebra b/ = C- H', where H' is a non-zero element in
g such that TH' = z.

4. GENERAL CASES
To state our results for general cases, we need

Graded Decompositions of Lie Algebras of Contact Type and Charac-
teristic Elements [A1l, A2]. For highest and lowest root vectors, X and X_j, of
a simple Lie algebara g, there exists H € C- [X,, X_,] such that

=0 209 1DPgoDg1 Dg2, g42=C-Xy),

where we set

gi :={Y cg|[H, Y] =Y},

an eigenspace of ad H. It follows from the Jacobi identity that [g;, g;] € git;. It
can be shown that g; # 0 if and only if rkg > 2, and in this case the decompo-
sition above is said to be of contact type. The element H € b above is called a
characteristic element of the gradation.

We see dim X (g) = dim g; + 1 since we have
Ty, X(g) =P.([g, Xa]) =Pu(C- H @ g1 ® g2).
Dynkin’s Normal Forms [Y1]. Let
D:gxg—C

be a symmetric bilinear form on g defined by a scalar multiple of the Killing form
such that D(H, H) = 2, where H is the characteristic element above. We call D the
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Dynkin’s normal form. Similarly to the case of Killing forms, we have D(g;,g,) =0
unless ¢ + j = 0. For example, we have D(Y,Z) = tr(YZ) (Y,Z € K = sl;4;) in
Aj-case .

Now we can state our results:

Theorem 1 (defining equations of adjoint varieties) [KOY]:

X(g) = 7(W\ {0}),

where
W :={Y €g|(adY)?’Z +2D(Y,Z2)Y =0 (VZ € g)}.

Theorem 2 (dimension of secant varieties) [KOY]:

dim Sec X (g) = 2dim X (g).

From this one sees that
codim(Sec X (g),P.(g)) =dimgo — 1 >rkg—1,

and in particular, Sec X (g) # P.(g) if rkg > 2.

Theorem 3 (orbits in secant varieties): Sec X(g) = Intg-h ([KOY]). More-
over, we have

rkg > 2= SecX(g) 2 X(g)UIntg-h,

where h := 7wH.

Theorem 4 (tangent loci):
O ={z4,z_},

where x4 := w.X4+).

This result tells us that for a general point z € Sec X (g), the relationship among
z and the points in O, is described as follows: For a general z € Sec X(g) there
exists a characteristic element H' € g of graded decomposition of contact type
such that z = tH', and ©, = P,(g"_5) UP.(g5), where g',, are graded piece of the
decomposition of degree +2 with respect to H'. Because for a general z € Sec X (g)
it follows from the former part of Theorem 3 that z = gh for some g € Int g, and it
follows from Threorem 4 that 0, = {gz4, gr_} with {gz1} = P.(g/,).

5. PROOFS OF THEOREMS

We here give proofs of the latter part of Theorem 3 and Theorem 4. For proofs of
Theorems 1, 2 and the former part of Theorem 3, see [KOY].
The key ingredient in the proofs here is
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Symplectic Triple Systems [A1l, A2, YA]. Choosing the highest and lowest root
vectors Xy so that [X, X_,] = H, we define

2(P,Q) X =[P, Q),
2P x Q :=[P[Q, X_,]] + [Q[P, X_,]],
[P,Q,R] :=[R, P x Q).

for P,@Q, R € g1. One obtains a skew-symmetric form (, ), a symmetric product X
and a triple product [,,] on g; as follows:

<,>291 xgr —C, x:g1xg1— go, [,,]391><91><91—>91-

Then, according to [Al, A2], if rkg > 2, a triplet

(917 [7 7]7 <7>)

has the structure of a symplectic triple system, that is, the skew-symmetric form
(,) is not trivial and for P,Q, R, S, T € gy the following holds:

(STS1) [PQR] = [QPR];

(STS2) [PQR] — [PRQ] = (P, R)Q — (P, Q)R + 2(Q, R) P;

(STS3) [ST[PQR]| = [[STP]QR] + [P[STQ|R] + [PQ[STR]].

In general, a vector space with a triple product [,, ] and a non-trivial skew-symmetric

form (,) satisfying the conditions (STS1-3) above is called a symplectic triple sys-
tem. The notion of symplectic triple systems was firstly introduced by H. Asano
[A1, A2] (Yokohama City Univesity).

Remark (O. Yasukura): It can be shown that for the graded piece g; of a complex
simple Lie algebra g, the following are equivalent:

(2) the skew-symmetric form (,) is non-trivial;
(3) the triple product [,,] is non-trivial;

The implication (1)=-(2) is involved in [A1l, A2] though there is no proof; (2)=(3)
follows from (STS2); and, (3)=-(1) is trivial.

Now consider the following subset of g;:
M:={Y cg|Y xY =0} ={Y € g1]/(ad V)’ X_, = 0}.

Lemma 3:
Wng € M.

Proof: IfY € W, then we have
(adY)2X_, +2D(Y, X_,)Y =0.

Moreover if Y € g1, then we have D(Y, X_,) = 0 since X_, € g_5. Thus we obtain
(adY)?X_, =0, and hence Y x Y =0, that is, Y € M. O
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Proof of the latter part of Theorem 3: Since adY is nilpotent on g for Y € g; but
ad H is not, we see that
P.(g1)NIntg-h = 0.

On the other hand, we have
Sec X(g) 2 Te, X(g) 2 Pu(g1)-
Therefore we have
Sec X (g) \ (X(g) UIntg-h) 2 P.(g1) \ X(9).

If P.(g1) € X(g), then it follows from Lemma 3 that gy C M. This implies that
[PPQ] = 0 for any P,Q € g1, hence we have [g1g1¢1] = 0 since [,,] is symmetric
in the first and second variables. According to Remark above, we have rkg < 1.
Therefore if rk g > 2, then P,.(g1)\ X (g) is not empty, so is Sec X (g)\ (X (g)LInt g-h),
as required. [

To prove Theorem 4, consider moreover
Do :={Z € go|(ad Z2) X\ =0} ={Z € go|(ad Z) X_» = 0},
and a decomposition of gg as follows:
go=99dC- H.
The decomposition is obtained from an exact sequence,

ad X:I:A
0 — Do — do - g+2 - 0,

which splits by the map, ad X4 : go < g+2, with ad X5, (g+2) =C- H.
Then we have

Lemma 4: [go,go] C Dop.

Proof: Since [go, H] = 0, we have [go,g90] = [D0® C- H, D¢ ® C - H|] = [Dg,Dy).
On the other hand, it follows from the Jacobi identity that for Z;, Z5 € ©( we have

[[Z1, Z2] X)\] = —[[Z2, XA Z1] = [[Xx, Z1]Z2] = [0, Z1] = [0, Z2] = 0,

hence, [Z1, Zs] € Dg. Therefore [Dg,Do] € Dg. O

In fact the above is the decomposition of a reductive Lie algebra g into a direct
sum of its semi-simple part, denoted by ®, and its abelian part, C - H (see [Al,
H1]). So we have moreover that [Dg,Dg] = Dy. But we do not use these facts.

Lemma 5: g; x g1 € Dy.
Proof: 1t follows from the Jacobi identity that for P, P, € g1 we have
[[Pi[Pj, X—x ]]XA] —[[[Pj, X=al, XalPi] = [[Xx, B, [Py, X-5]]
[P 7Pl] [07 [PjaX—)\]]
[P’“ ]]7
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so that

2[P, x Py, X)\| = [[PA[ P2, XA\]] + [P2[P1, X)]], Xa] = [P1, P2] + [P, PA] = 0.

Therefore we have Py x P, € ®y. U

The key in our proof is the following propositions:

Proposition 4 (decomposition formula): ForY € g_1, P € g1, we have

[Y,P]=Y" x P— (Yt P)H,

where we set Y+ := [X,Y].

Proof: Dividing into two, applying the Jacobi identity to the latter term below, we

have

Y, P]

Proposition 5:

X0 Y¥1P] = X Y IR 4 L[[X VP

2
% [X_5, YF)P] + % (~[Y*, PIX_o] = [P X5V ))
%[[X—A,Y+]P] + %[X—A[Y+= P+ %HX—A:P]YW
% (X2, YTIP] + [Xx, PIYT]) 4+ [Xon, (YT, PYX

Yt xP— (Yt P\H. O

For P, () € g1, we have

PxQ=0,PeM= (PQ)=0.

Proof: In (STS2), set R := P. Then we have

[PQP] - [PPQ] = (P, P)Q — (P,Q)P +2(Q, P)P.

Since it follows from the assumption that [PQP] = [P, P x Q] = [P,0] = 0 and
[PPQ] = [Q, P x P] =[Q,0] =0, we obtain

(P,Q)P = 0.

Therefore it follows (P, Q) = 0 whether P = 0 or not. [J

Proof of Theorem 4: It suffices to show that if h € T,,, X with g € Intg, then
gry € {x4,x_}. Since Ty, X(g) = P.([g,9X1]), in terms of Lie algebra this is
equivalent to showing that for g € Int g, Y € g, we have

Here we have

H=1[Y,gX\] = gX) €g2Ug_o.

gXy € g;
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for some 7 with —2 <4 < 2: Indeed, since ¢ X, € W, it follows
[H,gXx] = [V, 9X1], gXa] = (ad g X»)?Y = —2D(Y, gX»)g X2,

hence g X, is an eigenvector of ad H. If we write Y = 252_2 Y; (Y, € gj), then we

have
2

H=[Y,gX)]= Z Y5, 9X5].

Since H € go and [Y}, gX,] € giyj, taking the component of degree 0, we obtain
H =[Y_;,9X)].

Thus setting Y :=Y_;, we may assume Y € g_;.
Now we first have ¢ #£ 0 . Suppose ¢ = 0: it follows from Lemma 4 that

H = [Y7 gX)\] € [90790] g ©07

that is, H € ©g. This contradicts to [H, X)] = 2X # 0. Thus we have i # 0.
Next we have ¢ # +£1. Suppose i = 1: we have Y € g_1,9X ) € g1, and it follows
from Proposition 4 that

H=[V,gX)] =Y" xgX\—(Y",gX))H.

Taking account of the decomposition gg = Do ® C- H, comparing both sides above,
one gets
Y+ X gX)\ =0 and <Y+,gX>\> =—1.

Since it follows from Lemma 3 that ¢ X, € g1 N W C M, by Proposition 5 one
obtains from the former that (Y, ¢gX,) = 0. But this contradicts to the latter.
Thus, ¢ # 1. Similarly we obtain ¢ # —1.

Therefore t =2 or i = —2. [J
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APPENDIX A: HOMOGENEOUS SPACES M

It can be shown that 7(M \ {0}) C P.(g1) is a projective variety that is a ho-
mogeneous space of (an algebraic group with) Lie algebra ®g [Y2]. On the other
hand, it is known [A, M2, YA] that the adjoint varieties X (g) correspond to the
meta-symplectic geometry while the Severi varieties [FR, LV, Z| correspond to the
projective geometry, in the magic square of H. Freudenthal [F] as follows:

elliptic geometry By Ay Cs Fy
projective geometry A, As + Ay As FEg
symplectic geometry Cs As Dg Er
metasymplectic geometry Fy FEg E; FEg

In this context (M \ {0})) correspond to the symplectic geometry, and are called
cubic Veronese varieties in [M2].
Now our result is

Theorem 5 (homogeneous spaces M of Dj):

X(g) NP.(g1) = w(M \ {0}).

Note that IP,(g1) is a linear subspace of T, X of codimension 2: In fact, T, X is
spanned by the point z of contact, the point h corresponding to the characteristic
element, and this linear space P.(g1).

Proof of Theorem 5: We here show the inclusion O: the converse is just Lemma
3. By virtue of Theorem 1 this is equivalent to showing that if Y € M, then

(adY)*Z +2D(Y, Z)Y =0

for all Z € g. Since this equation is linear on 7, it suffices to show that the equation
holds for Z € g; with —2 <14 < 2.

We first consider the case ¢ # —1. We then have D(Y,Z) = 0 since Y € g;.
Therefore it suffices to show that

(adY)?*Z = 0.

If i = 1,2, then the claim follows since (adY)?Z € g;1o = 0 with i +2 > 2. If
i = —2, then we have Z = ¢X _ for some ¢ € C, and (adY)?Z = c(ad Y)2X_, =0
since Y € M.

In case of i = 0, set Z; := (adY)Z € g;. Then the claim above is written as
Y, Z1] = 0, that is, (Y, Z1) = 0. By virtue of Proposition 5 this is reduced to
showing the next

Claim: YeM,Ze€gy=Y x Z; =0, where Z; := (adY)Z.
Proof of Claim: By the definition we have Y x Z; = {[YV[Z1, X_,]]+[Z1[Y, X_,]]}.

For each term of the right hand, we have
Y21, X_5]] = [Y][Y, Z]X_5]]
= —[Y[[Z, X_,\Y]] - [Y[[X-x, Y]Z]
=0-[Y[[Xx\Y]Z]] (2, X N]€g-2,Y €M)
= _[Y[[X—A7Y]Z”7



HAJIME KAJI

and

[Zl [Y7 X—AH = [[Y7 Z]? [Ya X—)\]]

I I
—[[Z, [V, XAY]-[0,2] (Y eM)
~[[Z,[Y, XY
= [Y[[X_\,Y]Z]]
Thus we obtain Y x Z; =0. O
This completes the proof when i # —1, and we next consider the case i = —1.

In this case we show that
(adY)?Z = 4(Y, ZT)Y = —2D(Y, 2)Y,

where we set ZT := [X, Z] for Z € g_1: note that one has Z = [X_,, Z].
We have (ad Y)2Z = 4(Y, ZT)Y: Indeed, applying the Jacobi identity twice, we
have
(adY)?Z = [Y[Y[X_», Z7]]
= —[V[XA\[Z" Y]] - [Y[ZT[Y, X_,]]
= 22 VY X X+ {[ZH [V XY + (1Y, X, V. 2]}
= —2Z* Y)Y, —Hy\| + [2%,0) + 2(Y, ZD)[[YV, X_A]Xa] (Y € M)
—2(Y, ZT)Y +0+2(Y, ZH)Y
— A(Y, Z)Y.

On the other hand, we have D(Y, Z) = —2(Y, Z*): Indeed, we have D(X,, X_,) =
1 and

D(Y,Z) = D(Y,[X_x,Z"])
— —D(Y,[Z",X_,))
=-D([Y,Z"],X_»)
= -2(Y,Z")D(X), X_»)
=-20Y,Z").

This completes the proof of Theorem 5. [
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APPENDIX B: HIGHER SECANT VARIETIES

For a complex projective variety X C IP(JCV , set

S(k)X = U <':E07"'7xk>7

ZQ,..., zr€X,dim(xo,..., z)=k

where (xg,...,x) is the linear subspace of }P’(]CV spanned by the points xg, ..., Tk.
We call S®) X the variety of k-secants of X C ]P’g. Of course SO X = X and
SMX = Sec X.

Our result is

Theorem 6 (defining equations of higher secant varieties):
S®X(A) = n(Kyya \ {0})

for0<k<Il+1.

As in the proof of Lemma 1, by virtue of [E, Theorem 2.1] it suffices to show
that the equality holds set-theoretically.

From the definition of higher secant varieties and Proposition 1 we obtain the
inclusion C (see the proof of Proposition 1). The converse O follows from

Proposition 6 (decompoisiton of traceless matrices): For A € M,C, if
trA =0 and rk A =r > 1, then there exist Ay,..., A, € M, C such that

A=) "A;, trA;=0, rkd4; =1

=1

Proof: We show the assertion by induction on the rank r of A. Assume r > 2: the
assertion is trivial in case of r = 1. It suffices to show

Claim: There exist Ay, Ay € M,,C such that
A:A1+A0, tI‘Az‘:O, I‘kAlzl, I‘kAQZT—l.

To show this, since the ground field C is algebraically closed, one may assume that
A is a Jordan normal form as follows:

A= J(nl,al) © J(ng,ag) S R J(nk,ak), (’fll € N, a; € C),
where J(m,b) € M,,C denotes a Jordan cell with eigenvalue b € C:

b 1

Jmu=| ° 7 |em,c
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We first consider the case when there exist i, j such that (a; — a;)a;a; # 0. To
simplify the notation, write b := a;,c := a;,l := n;,m 1= n;, assume 7 = 1,j = 2,
and set

k
R := @ J(nl, ai) e M, _;_,C.
i=3
Then we have
A=J(,b)® J(m,c) R

with (b — ¢)bc # 0. Now set

I | =bc be
S-—Ol—l@m[_bc be

T:=J(,b)® J(m,c) — 8,

:| ©® Om—la

where O,,, € M,,C denotes zero matrix. Then we have

J(—1,b) 1 O

O J(m—1,c¢)

1 b2 —be
U._b_c[bc _CQ].

where we set

We set
A1 = S ) On—l—m; AO =T D R.

These matrices have the required properties. Indeed, we have

A1 +Ay=(S+T)®R=J(,b) ® J(m,c) ® R= A,

trA; =trS =0,
trAg=trT +trR= (tr J(I,b) ® J(m,c) —trS) +tr R =tr A =0,
rk A =1k S =1,

where one needs bc # 0. Moreover, we have rkT < rkJ(l,b) ® J(m,c): indeed,
det T' = 0 since det U = 0, while det J(I,b) ® J(m, c) = blc™ # 0. Therefore

rtk Ag =1k T +rkR < (tkJ(I,0) & J(m,c) —1)+1kR=1kA—1=r—1.

But the converse inequality is trivial since A = Ay + Ay with rk A1 = 1. Thus we
have
rk Ag =7 — 1.

This completes the proof when there exist 4, j such that (a; — a;)a;a; # 0.



PROJECTIVE GEOMETRY OF ADJOINT VARIETIES

We next consider the contrary case. We see that the eigenvalues a; take at most
2 values, that is,

{a1,...,ax} ={0,a}, (a€C)
as sets. Moreover we find that a = 0: Because if a # 0, then
0=trA = qa,

where ¢ > 0 is the multiplicity of the eigenvalue a, and this is a contradiction since
the characteristic of C is zero. Thus A is nilpotent and the assertion now easily
follows. [

For several projective varieties and their secant varieties, determinantal realza-
tions are known, and it might be interesting to compare Theorem 6 with the fol-
lowing:

XCP matrices M matrices for S*) X
Pt x pr—l M., »C My 41
vo (P 1) Symm,,, C M1
G(2,m) Alt,,C Moj 4o
Vmn—2(Ph) Caty, . C M1

Notation. We denote by Symm,,C and by Alt,,C the spaces of symmetric and
alternating matrices of degree m, respectively. We denote by Cat,, ,,C the catalec-
ticant space of size m x n, that is,

Catmyn(C = {[aij] € Mm,n(C\aij = Qjt15-1 (V’l,j)}

For a linear space M of matrices we denote by M,. the locus of matrices in M with
rank at most r, as before.

The table above reads as follows: The second row, for example, means that we
have
S®py (P = 7 ((Symm,, C)is1 \ {0}),
for k > 0, where = : Symm,,C\ {0} — P.(Symm,,C) is the canonical projection;
note that to obtain the equality in the scheme-theoretic sense for Alt,,C one should
take Pfaffians insead of minors. For proofs, see [H].

One might expect some formulas similar to Theorem 6 would hold for other
adjoint varieties. But this is not straightforward: In fact, for exmple, the adjoint
variety associated to the simple Lie algebra Alt,,C, which is of type B or D, is not
a Grassmann Variety G(2,m) but a Fano variety of projective lines in a quadric
hypersurface in Pg_l, which is a subvariety of codimension 3 in G(2,m). Thus to
obtain defining equations for those adjoint varieties, one needs more polynomials
other than Pfaffians.

It is observed that for those varieties X in the table above including X (4;), the
varieties of k-secants, S*) X, have defining equations of degree k + 2: In fact, the
defining equations of S*) X for Grassmann varieties come from Pfaffians, and for
others from ordinary minors. On the other hand, according to W. Lichtenstein
[L], any homogeneous projective variety has defining equation of degree 2, where a
homogeneous projective variety is by definition a (unique) closed orbit in P, (V') of
the action of an algebraic group G induced by a rational representation G ~ V.
So it would be natural to pose



HAJIME KAJI

Conjecture. The variety of k-secants, S X, has defining equations of degree
k42 if X is an adjoint variety, or more generally, if X is a homogeneous projective
variety.
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