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INTRODUCTION
O

“Ob0ob0o0obobobo”0obU0o0,00obU0obDbo0b,0booboobo,obOon
obooboobooboob. boo,bbooboobo,booboboobboob
gogoooobobooo,goobobob oo ooooboo,guobbobbon
gg.

goddodoooooooooooboooooboobbbboooooooa,
guoooobbboooooooo,gu,goubobbbuooooouooobobbd
O.gobogob,booboobbooboooboob,bboobboob
OnUd000oooooooooo,0bbobbbbbbobobb.onobobbn
0000000000000 00000D0000. 00000,00000 (adjoint
variety) 0 00000000000 (Freudenthal variety) O secant locus, tangent
locus DOOOOO,000,0000000b0000D0O0O0O00DODOOO: OO
0,00000 (0000)000000000O0O0000.0000,000000
000000000000000DDO0. 0000000000000 0000 (O
00000000)000ooo, “0000000000ooo,0oooooood
oboboooboobobobooboooboobobooobDo’oboobOoo,on
obooooboobod.

1. How DID I FALL IN LOVE WITH TRIPLE SYSTEMS?
Oo0ogooooooooooogg?

1.0 Secant and Tangent Loci. X CPN 000O000O000O0. O zeP¥N OO
0oa,

Ye:={yeX|Fze X\ {y},x € yx*z},
0, ={ye Xz T, X}

O00,0000,2z00000 secant locus, tangent locus OO0 0. OO0, yxz O
y0 000000 (secantline), 7,X 0 y OODODO X O PYNOOOOOOOO
00 (embedded tangent space) OO 0.

—2002/01/10—-0 00000000000 (2001/10/22-26) 00000



1.1 Tangent Loci of Adjoint Varieties. 0000000 gO0O0OO, 0000
000000000 GAP(e) O (00O0)O0OOO

X(g) CP.(g)

O000.000,G0¢g00000000000000D.0D00ODODOOO X(g)0O
g0000000000 (adjoint variety) 00O .

Theorem 1 (K-Yasukura [5]). For general z,y € X(g), we have

@[m,y] = {:L‘, y},

where [z,y] .= m([r 1z, 7 Yy]) € Pu(g) and 7 : g\ {0} — P.(g) is the projection.

Proof of Theorem 1: g UD O ODOOODO Hh, OODO, 0000000000 ROO
OADOO,RO0D000DO0O0.00000DO00O0DO FLO0DO0OODOODOO E-
O0,H:=[Ey,E_|]000 [H,E{]=2F,, [H,EF_]=—-2F_00000000O.
0000, X(g)=n(G-E,)0DODO.

O00,000000000000:

O g ={nE;,7tE_}.

0000000000 G- (rEy,7E_)0 G- 7By xG-nE_ = X(g) x X(g) 00O
0o0o0O000000.

0000 Oy 2 {rEy,7E_} O, Trp, X(g) = Pu([g,E+]) >7H 000000
000000,0000000000000,¢9eGO0000

Trigp)X(8) =Pu(lg,9 E1])

goooo,0ooogooooao:
Claim 1. If H=1[Y,g-E,] for someY € gandg € G, theng-FE, € CE;L UCE_.
000,000 g0 (adH)-00DODODOOQODOOO: jeCODODOO

g, ={Z¢€9|[H, Z]=jZ}

oood,gd
g=9g 2oBg-1DPgoD g1 D g2

ooooo,
95, 06) € gj+k, H E€go, g+2=CEy,

00000000000, DOoooDOd,rkg>2000,0000000 (graded
decomposition of contact type) DO DO 0. OO0, g#sly <rkg>2< g7 #0
goo.

OO00Op 00000000 ROODODODOODODOD «aO00000, 00
—ao 00O0D0OO0O0ODODO, 500000000oooo, 0ooopoooOo0OoOoOo
g:h@eaaeRgaD5DDDDDDDDDDDDDDDDDDDDD (Doooo
0).



THE GRADED DECOMPOSITION OF CONTACT TYPE AND
THE ROOT DIAGRAM IN CASE OF TYPE G

* o — g2
* * * * — g1
* * * — 114

* * * * — g-1
* — g2

Claim1 0000000,00
(1) G-E,={Z¢cg|lZ+#0,(ad2)*g CCZ}

00000000 (000). 0000 ¢g-F, 0 (adH)-000000000000
D000.000,¢9-E, 000 ¢, 00000.00 H=[Y,g-E,]000 00O
00000,Yeg;0000000000000.

0000,i#0000: 00000, 9 :=Ker(ad Ey|go) 0000 gg = DobCH
000 [go, go] = [D0,D0] CDe 00000OOO0D,i=0000 H € [go, go] € Do
0000,adE (H)=-2E,#0000,00000

000 i#+1000000:i#100000000 ((#£-1000000).
00000 (500,000 [1,2)0000000000 “O07

X:1g1Xgr—go:(PQ)— PxQ
OO0o0DO0bOO0bOooooDooooo.oog,
—2P x Q = [Q.[P.E_]| + [P,[Q. E_]]

00000000. 00,000000000000000000000 ():gx
m—COoO0oo:

ogoduooooon:

Lemma 1 (K-Yasukura [5]). For P,Q € g1 andY € g_; with Y# :=[Y, E,], we
have

(1) [V,Q] =Y# x Q+ (Y# Q)H with Y# x Q € Dy,
(2) PxQ=QxQ=0=(P,Q)=0.

“#170000000,i=1000,Lemmal (1) 000

H=[Y,g-E]=Y" xg-E;+(Y",g-Ey)H.



O000,0000 go=9,¢CHOO0O0DDDOOOODOO,
Y#xg-EL=0, (Y# g-E.)=1
O00.000,(Ho000oo0
g-Erxg-EL =0

000000000000, Lemma 1 (2) J0000. 00 ¢£1000.

0
Proof of Lemma 1: (1) 000000000 [Y#, E_]=Y 00000, [Y,Q] =
[Y# E_|Q0000,000000000000000000000000,

Y,Q] = [Y#, E_|Q]
~ gy L vt am 1+ e ql)

=Y#* xQ+Y* QH 0O

(2) 00000 (S2)0 R:=PO0O0O0O,00000000000,000000
gbboboooob.bbobooobobob,ad,

[PQIP, E-]]] = [P, QI[P, E-]] + [Q[P[P, E_]]]
—2(P,Q)(—=P)+0 (.-PxP=0)

goo

[PIPIQ, E_]I] = [P[[P,QIE-]| + [PIQ[P, E_]]]
= _2<P7 Q)P - 2<Pa Q>P

000
0=—=2[P, P x Q] = [P[Q[P, E_|| + [P[P[Q, E_]]| = —6(P,Q) P

0oo,(PQ)=0000. O

1.2 Secant Loci of Freudenthal Varieties. 0000000 Px P=0000
ooo

V:i={Pecg|PxP=0}\{0}

0000 V(g):=aVCP,(g) 0 g0000000000D0000000DOO0
0D00. 000,000000000000000000000000, symplectic
geometry 0 0000000000000 000000000 (DO0DODOOO [3)],
[4,(411)]00) 000000000, 0000, V(sos) =P' xP' xP' CP’" 00O
DOoooo00oo.
00
2¢(P)E, = (ad P)*E_ € g, =CE, (Pecg)

000 g 0000000 ¢q0O0O0D0. 000D0,00000000000 V(g) O
secant locus D O OO, 000000:



Theorem 2 (K-Yasukura [6]). For any P € g1 with q(P) # 0, we have
Sep = {w ((ad PPE_+ \/Sq(P)P) } .

gboobooogd,bbod:

Claim 2. For any P € g1 with q(P) # 0, there exists a unique pair {Y,Z} CV
such that P =Y + Z. In that case, we have

Y, 7} = (ad P)*E_ }

(E—

000 v,Z0O0O0O0O00, Q:=AP+u(adPPE_ 0000 Q eV, 00
00,QxQ=00000000 (A\:p)ePl020000000000000
(¢(P) #0000 nP#r((ad P)}E_)00000000). 000,QxQ 0000
00000,000000000000,000000000.

0000000000000000000,00 [1,2)00000000¢, 00
oooooooo:

[PQR]:=[PxQ,R] (P,Q,REgm)
oooo,
(S1) [PQR] = [QPR]
000.[1,2)0000,000000000000:

(52) [PQR] = [PRQ| + (P, R)Q — (P, Q)R+ 2(Q, R)P
(S3) [PQIRST]] = [[PQRIST] + [R[PQS]T] + [RS[PQT]]
($2) 00000000000, (S3) 000000000000,

00,000000000,PxP=—(adP)?E_ 00O
(ad P)*E_ = [PPP]
000,00, 2¢P)E, = (ad P)*E_ = [P,|[PPP)] = 2(P,[PPP))E, OO0,
q(P) = (P,[PPP])

000.00,Q=AP+pu[PPPl000 QxQO0000000,000 Lemma
2000

Q x Q = \*P x P+ 2\uP x [PPP] + p?|[PPP] x [PPP]
= (A2 = 3¢(P)u*>)P x P

000,000 Y,Z00O0O,000,000000000.
00,000 Lemma 3000 P=Y +Z(Y,ZeV)O0OO
1
Y- Z=4+——[PPP].
3q(P)

ood,Y,Zz0 pOb00O0ODOO0OOOOO,0DbO0o0bOOObODO. O



Lemma 2 (K-Yasukura [6]). For P € g1, we have
(1) P x [PPP] =0,
(2) [PPP] x [PPP] = —3¢(P)P x P.
Proof of Lemma 2: (1) (S3) OO
|PP[PPT|| = [PPP|PT] + [P|[PPP|T] + [PP|PPT]]

000, (S1) 0000 2[P[PPPIT)=0000. 000 Px[PPPl=0000. O
(2) (83) 0D

[PP[[PPP]|PT]|
= [[PP[PPP]|PT] + [[PPP]||PPP|T] + [[PPP|P[PPT]]

0000,Px[PPPl=0000,0000003000000.00000,
[[PPP|[PPP|T| = —[[PP[PPP]||PT]
000.000,(S2)0 Px[PPPl=0000

[PP[PPP]|
= [P[PPP]P] + (P,[PPP))P — (P, P)|PPP] + 2(P,|[PPP])P
— [P[PPP]P] + 3(P,[PPP])P
= 3(P,|[PPP])P

00O0. 000, [[PPP|[PPP|T) = —3(P,[PPP)[PPT] 000, [PPP]x [PPP] =
“3¢(P)PxPOOO. O
Lemma 3 (K-Yasukura [6]). If P=Y + Z for someY,Z €V, then
(2) a(P) = 12(Y, 2)2,
Proof of Lemma 3

[PPP) = [YYP|+ [YZP] + [ZY P + [ZZP]
= [YZP|+[ZYP] (Y XY =ZxZ=0)
=2YZY]+2[ZY Z] (. (S1))
= 2A[YYZ]+ (Y,Y)Z — (Y, Z)Y +2(Z,Y)Y)
+2[ZZY) + (2, 2)Y —(Z,Y)Z +2(Y,Z2)Z) (- (S2))
= —6(Y,Z)Y —6(Z,Y)Z (Y XY =2ZxZ=0)
= —6(Y, 2)(Y - 2),

00000, qP)=(P,[PPP])=12(Y,Z)2000. O

1.3 The Homogeneity of Freudenthal Varieties. D OO0, 00000000
OO000000dodoododoodo,000bdooobooDooboooDon
0000000000000000000000000000000 (Dooao, (6]
ooooo).



Theorem 3 (K-Yasukura [6]). The closed connected subgroup of G = Intg with
Lie algebra ®¢ = Ker(ad E4 |g,) acts transitively on each irreducible component of

V(g).
000, Theorem 2 000 Claim3000000. 0000000000 :
S:={P e gi|q(P) #0} = {P € g1|(ad P)*E_ # 0},

O00,go 0000000 GOODOODOOODOO GoOODO.OODO0Od, Claim 30O
OSO,Go 00000000, 00000D00D00000O0. Theorem?2O0O0OO0O,
Theorem 30 SOOOOOOOOOO. O

Claim 3. A linear map
L(P,P):g1 — g1;Q — [Q, (ad P)*E_] = [PPQ)]

is surjective (i.e., an isomorphism) if q(P) # 0.

Claim 30000 Theorem 4 OOO0O0OOO0ODO: OOOOO,

W :=CP + C[PPP] C g1,
W :={Q € a|(Q,R) =0,YR € W}
0000,qP)£000 go=WaeW+- 000, Theorem 4 000
L(P, P)?|lw = 3q(P)idw, L(P,P)*y. = %q(P) idyy o

oooooooo. O

Theorem 4 (K-Yasukura [6]). For P,Q € g1, we have
3L(P, P)*Q = 8(Q, [PPP))P + 8(P,Q)[PPP) + (P, [PPP))Q.

Proof of Theorem 4: 00, (S2) 00, [PPQ] = [PQP)+3(P,Q)PO0D. 0000
0, (P,[PQP)) = (P,[PPQ)) 00O

(*) L(P,P)*Q = [PP|PQP]| + 3(P,Q)[PPP]
DDDD,(SQ)DDD
[PP[PQP)| = [P[PQP|P] + 3(P,[PQP)) P

000.000,000000000000 (P,[PPQ])=(Q,[PPP))000000
0 (P,[PQP))=(Q,[PPP))000.000,0000

(%) [PP[PQP]| = [P[PQP|P] + 3(Q, [PPP])P
0O00.00,(S1)0 (83) 00
[PQ[PPP]] = 2[P[PQP]P] + [PP[PQP]]

0000, (S2) 0 Lemma 2 (1) 00

[PQIPPP)] = (P,[PPP])Q — (P,Q)[PPP] +2(Q,[PPP])P
noooao,
(k%) 2[P[PQPIP] + [PP[PQP]| = (P,[PPP])Q — (P,Q)[PPP] + 2(Q, [PPP])P
000.(*) 0 () 000000,
(**) 3[PP[PQP]| = (P, [PPP)Q — (P,Q)[PPP] + 8(Q,[PPP])P
0oo. (0 (*)000000,0000000. O
Problem. 0000000000000 Clim300000.



2. TRIPLE SYSTEMS
OO0

0000000000000 (00 1)00): KOODO 00ooooO0o. KOooo
ooo sSo3000o0n

LT xT xT =T (x,y,2) — [2,y,2],

00000, (7,,,) (000,000 7) 0000 (triple system) 00 0. 000
TODO0O0,000000 I0 [ITT)+[TIT)+[TTI) C 1000000, 10
Troogogogooobo. Yo obbboooooobbbboooog, T o
00 (simple) DO0O0OOO. OO0OO0D:T—-T7T0000 z,y,z€ 7T 0000
Dlzyz] = [(Dz)yz]+ [x(Dy)z] +[zy(Dz)] 00 OO0O0O,D 0O TOOO (derivation)
Ooo00o0o0. TO000o00o00 »T) 0DDODo0U0DoOoOUOO0. DobooooooDoo,
DT)0D0D00OO00DD0oDO0ooooo.

ogooooooooooobno:
Lie Triple System (N. Jacobson (1941), W. G. Lister (1952)). O OO 77000

(L1) [zyz] = —[yxz]
(L2) [zyz] + [yza] + [z2y] =0
(L3) [vw[zyz]] = [[vwz]yz] + [z[vwy]z] + [zy[vwz]]

O000000,7T000000 (Lie triple system) DO OO0ODO.
00 (L3) 0000000 L(a,b): T — Ty [abd 0 TOODODO.

Do(T) := (L(a,b)|a,b e Ty CD(T)
0000, D7) 0 ®T)00000000. 000,
9(T) =T ®Dy(T)
O00,¢(T)0O0OD0OOO [,J]O0000O0O00O0OOO:
[t1 + Di,ta + Do) := (D1ta — Dat1) + (L(t1,t2) + [D1, D2])

(ti,t2 € T,D1, Dy € Do(T)). 0000, g(T) 0,00 [[]000000000O. T
000000 D(T)=9,(T)0000,0000 g(7)0000000000000
ooooo.

000000000,00000000000000000000 (300000
00000000000 (4 000000):

Freudenthal Triple System (K. Meyberg (1968)). OO0 0O0O (,) DO0O0O0OOO S
gad

(M1) [zyz] = [yzz] = [z2Y]

(M2) (w,z,y,2) — (w,[zyz]) 0000000

(M3) [[zzx]zy] = (y, x) [zzz] + (y, [rrx])e
O00000,SO000000000000 (Freudenthal triple system) 00 O O
ao.



Faulkner Triple System (J. R. Faulkner (1971)). OO O0O (,) 000000 S
gdd

(F1) [zyz] = [yzz] + (2,9)2
(F2) [zyz] = [wzyL 2 >§

[z
(F3) {[way],2) + (y, [waz]) = (w,2)(y,2)
(F4) [[owzlyz] = [[vyz]wa] + [v[wyz]z] + [vw[zy2]

O000000,S0000000000 (Faulkner triple system) 0000 0OO.

Symplectic Triple System (00 O-00 O [7]). OO0DO0O0OD0O0OOODO () 0O
Oo0OoooO soog
(S1) [zy2] = [yzz]

(52) [zyz] = [w2y] + (2, 2)y — (,9)2 + 2(y, 2)x

(83) [vwlayz]] = [fowalyz] + [zfowy]z] + [zyfows]
000000, SO0000000000000 (symplectic triple system) 00 00O
oo.

00,0000000000000000,00000000000 (S,{,,}())
oooo,

(ay2) = 3 ({zy2) + {9, 22 + (2,2dy — (29)2)

0oooo(s,(,)()0000000000000,000000000 (S,(,,), ()
0ooo

[zyz] := (zxy) + (zyx)

ooooo (S,[,,],()0000000000000000,00,00000000
0oooo (s,[,,],() 0000,

{zyz} = [zyz] — (z,2)y — (y,2)@

noooo (S,{,,},()000000000000000,00000000.
00000000000000000000000,0000000000, 00

0D0000000: 0000,00000000,(S,[,),¢) 000000000,

(5,{,,},(,)000000000000000 (000000).

gbooooogbooobood,

Jordan Triple System (N. Jacobson (1949), K. Meyberg (1972)). OO0 S O
00

(J1) [zy2] = [zya]

(J2) [vwlzyz]] = [[vwz]yz] — [zlowy]2] + [zylvwz]]
000000,SO000000000 (Jordan triple system) 0000 0O0.
Generalized Jordan Triple System (I. L. Kantor (1973)). 000000000

00000, (J2)000000000,00000000000000 (generalized
Jordan triple system) 0 00O 0O.

3. THE THEORY OF HIROSHI ASANO
OO0 Ooo0oOnO

gboobO,d00obboobbbdoodgobbbooodobbboooooon.



0oooooooooooo (S,[,,),()0000,8, .0 s0000000,
T:=S,4S 000.7000000004{,}0000000000:

(B}
yi | y2 ] |y3
— [ [z1y223] — [y1@2as] — (1, y2)x3 — (Y1, T2)@3 + 2(T1, T2)Y3
| —lyizeys] + [z1y2ys] + (i, x2)ys + (T1,y2)ys — 2(y1, y2) T3
000,z €8,y €S- 000.0000,000000:

Theorem (Asano [1, 2], Yamaguti-Asano [7]). (T,{,,}) is a Lie triple system.

0000000 (7,{,,}) 0000000000 g(S):=TaDy(T) 00000
0000,000000:

Theorem (Asano [1, 2], Yamaguti-Asano [7]).

(,) : non-degenerate < S : simple < T : simple < g(95) : simple.

goob,b0dgdbobogooobog,gggoobooboooooboon
goboboggobbbooggbobuoooobbbouoon.

Do(T),g(S)0000DODODODO0OOOOOODO. DO00OODOOO HEL,E_:T—
Trogooobogod:

R I A B W S B W I

oooo,
[E,,E_]=H, |HE.=2E, |[HE.]=-2E_
0000,000,H,E.,E_.e®(T)0000000000.S5000 pOO00OO

o000 7To0ooooooo:
T Dx
D : — .
M [Dy]

Theorem (Asano [1, 2]). If S is a simple symplectic triple system, then
QO(T) = QO(S) 57 <H7 E+7E—>'

gboboob,goaobn:

00000,00000000000000 SOoODOOoOOO0OO0 g(s) o

g(S) =T e Do(T)
=(S; & S5_)® (Do(S)® (H,Ey4, E_))

D000D00DD0D. 000000000
g(S)=KE_©S_®(Do(S)DKH)® S, © KE,
O00D0,00000,(kdH)-00000000000000000O0
g8) =9 2Pg 1D gD g1 D g
O00O0OD.000,000000:



Theorem (Asano [1, 2]). Every simple Lie algebra of rank > 2 over K = K is
obtained from some simple symplectic triple system by the construction above.

O000000000000: KOO vk>2000000 gOd000, sly-triple
(E4,H,E_) 00000, (ad H)-00O0O000 g=go®g_1Pgodgrbge 100
0.000,00000 ¢, 00,00000000 [,,]00000 ()0000:

20ayz] = [zlylz, E-]] + [2[2[y, E-]]],
2(z,y) By = [z, 9]

0ood, (g,],,],(,)000000000000000000,0000, (S1), (S2),
(S3) 000000000000. 000,000000 (g1,],,],(,) 000000
000 g(g;) 000 g00000000000O00. O

PosTscripT
oooo

Theorem 1 D0 0O0O0OO0O0ODOODOOOOOOOOOOOOO0OO0,000000
gobo,bbbbddggogboboobooobobbooooobobo. buooood
goboboobbooooogobobbo. bbbobbodog, o000, oo0d
gbobugobbuogo,ogb.bb,obobbuoobbboobbboabb, o
gobbbboooooooobbbbbododo. ogg,buooad,uo000d
gooboog,obobogogob.bbboooobbbooooboboood
gbooboogooboobuoooobobod.

googobodbboooboooboobuoobboobbooboob,obo
goobobboboododogoooooo,gooooo,oooo,uoag, ... g
gboboboogobb,gooooboooobbod.

gooobbodd,gd gg,goobo,bob,bbouoooooboo
gb,0gbboodgboodgbboogbb.ggobboobbodo.ob,ob0obooo
OD0O00b000b0O0 organizer OO UODOO, 000000 OO0O0DOOO. O
Ooboooboooooboobooobo0,amEm 00000, 00o00o0ogon
googobobooogoboo. bbb, gbboooboobuonoboboob, o
gobo,bogggbboboogobb.obbuooobobod.
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