Irreducible components of the moduli stack of torsion-free
sheaves of K3 surfaces and their dimensions
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1 Introduction

A moduli space is a space consisting of points that represent a certain type of object. When we consider the
moduli space of sheaves, in the category of scheme, it only parametrizes the (semi) stable sheaves, which is a kind of
torsion-free sheaves. If trying to realize a moduli space for all torsion-free sheaves, the concept of a stack is needed.
Stack is , roughly speaking, an extension of scheme. In this study, we performed the irreducible decomposition of
torsion-free sheaves on K3 surfaces and calculated the dimensions of them at each point.

2 Preliminaries

Definition 2.1 (K3 surface). X : smooth projective surface / C
X : K3 surface €% Ky = 0 and HYX,0x)=0

Definition 2.2 (Mukai vector). X : K3 surface, E : coherent sheaf on X

w(E) := (rank(E), ¢ (E), 2EX _ ) (E) + rank(E)) € Z @ Pic(X) & Z

Definition 2.3 (Mukai pairing). X : K3 surface
v = ([v]o, [v]1, [v]2), 0" == ([v']o, [V']1, [v]2) € Z & Pic(X) & Z
(v,0") := =[v]o[v]2 + [v]1[v']1 — [v]2[v']o € Z

Definition 2.4. v € Z @ Pic(X) @ Z : primitive
g}v’EZEBPiC(X)@ZandeZ,v:mv’:>m:10r -1
Remark 2.5. e "0 € Z®Pic(X) D Z, (v,v) € 27
e FE, FE' € Coh(X), v(E) =v(E') = (rank(E),c1(E), c2(F)) = (rank(E’), c1(E’), ca(E"))
e "0 € Z® Pic(X)®Z, °E € Coh(X) s.t. v(E) =v

Definition 2.6 (Moduli stacks of torsion-free sheaves). X : K3 surface , v € Z ® Pic(X) @ Z
Then, we define the moduli stack of torsion-free sheaves .#(v) as the following category.

1. Objects : (U, E), where

e U : Sch/C,
e [ : quasi-coherent sheaf of finite presentation on X x¢ U(=: &), flat/U
s.t. Ey : torsion-free sheaves on 2 = Xy ) with v(E;) =v ("t € U)

2. Morphisms : from (U, E) to (U',E') ~ (p: U - U',a: ¢*E — E’ : isomorphism)

Definition 2.7 (Stacks of Harder-Narasimhan filtration). v,v1,v2 € Z & Pic(X) & Z

(v1,v2)

AN () = {E e . () | 3(0 ¢ E; C E) : Harder-Narasimhan ﬁltration}

with v(Ey) = v1,v(E/E1) = vg
M) = {E € #"(v) | E : semistable}



3 Main Theorem

Theorem 3.1. Let X be a K3 surface of p(X) =1, vg € Z® Pic(X) @ Z : primitive, m € Z.
v := muvg. We assume [v]g = 2 and v satisfies one of the following disjoint conditions.
(a) : {(v,v) >0

() : (v,v) < =2, (vo,v0) # —2
(¢) : {(v,v) = 0,—2, v : primitive
then, we have the irreducible decomposition of . (v) as follows.

M () = M5(v) U U 4x,w
(v1,v2)€SUSeven
, where (we always assume vy,vy € Z @ Pic(X) B Z )

I :={(v1,v9) | v1 + v = v,rank(vy) = rank(vy) = 1}
Ji= (v, 02) [ (v, 02) <1} K= {(v1,02) | 2[vn]s = 2[va]y = o)1}

) INJNK if(a)or (¢), and 2 | [v];
S = {(Iﬂ TINK %f (a) or (¢) Seven := < INK if (b), and 2 | [v]1
I\K if (b) )
0 otherwise

Moreover, we can classify the irreducible components into 3 types according to the general members of them.
VE € .4 (v) is semistable
(v1,v2) €S ="E € %(gﬁvz)(v) is not p-semistable

(v1,v2) € Seven ="E e ///(If)ﬁw)(v) is not semistable but p-semistable

Remark 3.2. v satisfies (b) = .#%(v) : empty category
Corollary 3.3. The dimension of .#"(v) at VE € .#* (v) is the following.

(v,v)y + 1 (B € AM>0) U, 0951 MEN S (0))

(v1,v2)

. . b\
v satisfies (a) or (¢) = dimg .#" (v) = {<v1,vl> + (v2,02) + (v1,v2) + 2 (B € Uy, npy<a //(1;111\%2)(1}))

v satisfies (b) = dimpg 4" (v) = (v1,v1) + (v2, v2) + (v1,v2) + 2
Remark 3.4. By Yoshioka([Kimura-Yoshiokalll], [Kurihara-Yoshioka08]), it is known that
dim.Z(v) = supge_gss(v) (dimp A2 (v)) = (v,v) + 1
dim Ay, (v) = SUPpe iy (v) (dimE M gy 0yy (V) = (v1,01) + (v, 02) + (V1 +v2) +2

But dimg .2 (v) is NOT necessarily equal to dim ///(I;Iﬁm)(v) for E € #MN (v).

(vi,v2)
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