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INTRODUCTION

Ordinary Kodaira Vanishing is closely related to the Hodge decomposition. In
the context of Witt Sheaves there is an analogue to the Hodge decomposition, the
slope decomposition of crystalline cohomology. This motivated Tanaka |Tanl8| to
investigate Kodaira-like vanishing properties in the same context.

Theorem 0.1 (Tanaka, cf. [Tanl8, Theorem 1.1]). Let k be a perfect field of char-
acteristic p > 0, and X be an N -dimensional smooth projective variety over k. Let
o/ be an ample invertible sheaf, of its Teichmiiller lift and WQS the de Rham- Witt
complex. Then

(i)

(i)

e H (X, o/ *) =0 for any s> 0,5 < N,
° Hj(X,gfl)Q@Q:Ofor any j < N,
zZ

o H(X,WOY © &) =H (X, WO @ &%) =0 for any s,i >0,

We shall show a Serre-type duality property in this context.

1. PRELIMINARIES

1.1. Notation. We will be using the following notations and definitions:

Throughout this paper we define X %8 = Speck, where k is a perfect
field of characteristic p > 0.

If A is a commutative ring, W(A) denotes the ring of Witt vectors. As a
set, W(A) = AN. The truncated Witt vectors are denoted W,,(A).

WO, (resp. W,0x) denotes the sheaf of (truncated) Witt-vectors, and
WX (resp. W, X) denotes the scheme (X, W) (resp. (X, W, 0x)).

Fx denotes the absolute Frobenius morphism on X, induced by the Frobe-
nius automorphism on W. We may also simply write F.

V' denotes the Verschiebungs map

W(A) L W(A)
V(ag,al, . ) = (O,Clo,al, . )

The Teichmiiller lift of a line bundle on X is defined by the Teichmiiller char-
acters f;; of its defining transition functions fj;. The Teichmiiller character

of an element a € A is (a,0,0,---) € W(A). Z., = W,0x Qwey Z.

e If C is a complex of modules, C[i] will denote the shift of C' by i.
e If M, is an inverse system, then lim,, will denote the inverse limit.
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2. DuaLiTY THEOREMS

In what follows, let X be a smooth projective k-variety, with k a perfect field of
positive characteristic.

Proposition 2.1. Let .F be an invertible Ox-module. For any n > 0,
W,0% W®ﬁ F <, =2 RHomw, o« (7;/”, W,L0%).

X
Define w to be the W-algebra generated by V', subject to the relation
aV =VF(a),a € W.

w is a non-commutative ring, and it has an evident W-module structure. Let
wp, = w/V"w, which is a (W, w)-bimodule, since V"w is a sub-left-W-module of
w and a right-w-ideal generated by V™. As sets (and in fact as left—=W—-modules),
w@, Wi

Proposition 2.2. Let A be a k-algebra. Then W(A) has a natural structure of
left-w-modules and there is an isomorphism of left-W -modules

wn & RT(F) = RT(Z _,,)

We find that Rlim,, Homw, (wn, Wy,) =[], WV* =: &. This and Proposition
lead to

Theorem 2.3. Let X be a smooth projective variety over a perfect field k of char-
acteristic p > 0. Then for any invertible Ox-module F on X,

RO(WQX © Z)= RHom,(RT(Z),&[-N]).
Wb x
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