A certain type of affine surfaces with isomorphic cylinders
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Introduction

Problem 0.1 (Zariski’s Cancellation Problem). Let V and W be varieties, and let A! be an affine line. Then
does V xj Al ~ W x;, Al imply that V ~ W?

Fact 0.2 ([2]). Let X be a k-scheme, and let Vand W be affine k-schemes which are principal G,-bundles over
X. ThenV XkAl ~ W XkAl.

Open Problem 0.3. Let Y be a prevariety, and let W be an affine variety which is a principal G,-bundle over
Y. Then for any variety V, does V x;, At ~ W x,, Al imply that V is affine and a principal G,-bundle over Y 2

Definition 0.4 (principal G,-bundle). Let X be a k-scheme, let V' be a k-scheme with a G,-action, and let
p: V — X be a morphism of k-schemes. Then (V,p) is called a principal G,-bundle over X if the following

two conditions are satisfied :

(1) p: Gy-equivariant (G, acts trivially on X);

(2) there exists an (zariski) open covering U = {Ux}rea of X such that the following diagram is commutative.

Go-equiv-i
pilUA g- % Uy, x G,
ip /
pr
Uy

Remark 0.5. Our definition of principal G-bundles for a group variety G is slightly different from the ordinaly
one. But in the case that G is a nonsingular affine group variety, for a nonsingular affine group variety, those

definitions coincides.

Remark 0.6. (Isomorphic classes of principal G,-bundles over X) +— H!(X,Ox).
Definition 0.7.

A variety V is called a Zariski 1-factor if V x; A ~ W x; Al implies V ~ W for any variety W.

e We say that varieties V and W have isomorphic cylinders if V x; Al ~ W x; Al

e G, = (Al +).

e A k-scheme X is called a prevariety if X is an integral scheme of finite type over k.

o 7(V) := max{dim pjn (s +ov)(V)|m € N} for a nonsingular variety V, where (V,0V) is a smooth
completion of V with boundary 0V, and pj,,( Ky+oVv)| is a rational map defined by complete linear system
|m(Ky + 0V)|.

e For a singular variety V, ®(V') := ®(V*), where V* is a nonsingular model of V'

e A variety S is called a VLG variety if S is a nonsingular variety with Py/(S) = 0 for all M € ZZ°,
where P/(S) = dimy HY(S, Qg[(log 095)) is the logarithmic M-genus of S. )

Example 0.8. A"and P" are VLG varieties.



Main Theorems

Theorem 1 . Let Y be a 1-dimensional nonsingular prevariety, let Y’ be a nonsingular curve with &(Y') > 0
(&Y #£AYPY), letl: Y — Y’ be a dominant morphism, and let W be an affine variety which is a principal
Gq-bundle over Y. Then for any variety V., V x, Al ~ W x;, Al if and only if V is affine and a principal
Gg-bundle overY .

Outline of proof.

(1) By composing a section of pry,: V xx Al -V and V x; Al ~ W x A’ - W — Y, we obtain a morphism
p: V=Y. We want to show that (V,p) is a principal G,-bunlde.

(2) It is easy to see that V' is nonsingular, affine, and has a nontrivial G,-action . By [5, Lemma 1.1], the
GIT quotient V//u is a nonsingular affine curve. Let p: V' — V//u be the quotient morphism.

(3) By the computation of logarithmic M-genus ([8]) and the cancellation criterion for Al-fibered surfaces
over a nonsingular affine curve ([6]), we can show that p is “similar to a principal G,-bundle”, p’ is

Al-bundle, and p and p’ are “locally same”. Then it follows that (V,p) is a principal G,-bundle.

Theorem 2 (Generarization of Theorems of Fujita-Iitaka [8] and Nishimura [9]).

Let X and Y be prevarieties, let Y' be a variety with®(Y') > 0 and dimY’' =dim Y, let[: Y — Y’ be a dominant
morphism, and let S1, 55 be VLG varieties with dim S; = dim Ss. Let p: V — X be a Si-bundle, ¢: W =Y a
So-bundle. If ®: V — W is an isomorphism, then there exists a unique isomorphism ¢: X — Y such that the

following diagram is commutative.

®:iso

Vv — W
| oo
J¢:iso

The proof of Main Theorem 2 is almost the same as [8] and [9], but one should note that we do not assume

the separatedness for X and Y.

Corollary to Main Theorem 2 . Let X and Y be prevarieties, let Y' be a variety with ®(Y’') > 0 and
dimY’ = dimY, let I: Y — Y’ be a dominant morphism, and let V., W be principal G,-bundles over X, Y,

respectively. Then

(HVxW=X~Y.
(2) VXkAlﬁkaAlﬁX’:Y.
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