SHGH Conjecture and the irrationality of Seshadri Constants
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1. INTRODUCTION
Question. $E VM P? EOSIER DR T2 IRER &.
UF,7: X, = P2 %D r s TD P2 D blow-up & L, ZD exceptional divisors % ey, - ,e,, | # P2 DELED 7
IZ&BHERLETS.
Definition 1.1 (Special [1], [2]).
PicX, > D =dl— Y me; LT,
i=1

T

i(m; +1
virtual dimension : v-dim(D) := (d+1)2(d+2) - Zm (m2 +1)
i=1

expected dimension : e-dim(D) := max{v-dim(D),0} L E&HT 5.

ho(X,,0x, (D)) > e-dim(D) &2 Z EDBHIOENTH D, “=7 L7405 L E D & nonspecial, “ >7" L7225 L & DI
special £\ .
Remark.
D 73 effective 72 & D:special < h1(X,,Ox, (D)) # 0 &7 % Z &% Riemann-Roch DEH L D bh 5.

Conjecture 1.2 (SHGH conjecture [1],[2],[8]).

WIEAETH S, ZO—2 (Lzh->TET)DmE%E SHGH FREIER.
+ C : prime divisor on X, = C : nonspecial
- D € Pic X, : special = 3C : (—1)-curve s.t. D.C < —2
- D € Pic X, : standard form = D : nonspecial

Known Results on SHGH conjecture.
LR D562 SHGH conjecture I B EMTH 5.
r<9DEE 7]

“D=dl - mie;, m; <11 DL X [5]
=1

“D=dl-m) e, m<42DL X [6]
i=1
% 7z, SHGH conjecture I% Nagata conjecture Z A TWS Z L DHISNTW5.[1]

Conjecture 1.3 (Nagata conjecture [10],[1]).
C : BERID DA 22 E T AR, deg(C) = d, multy,, C =m; (p1,...,pr € P?)ITHL T,

1
d> Wzmz
i=1
Definition 1.4 (Seshadri constant [3],[9],[12]).
X FER R ARBE IR, L:X ED nef line bundle £ $%. L ® pc X 2S5 Seshadri constant #IRTEHET 5.

e(L;p) =sup{t € R| u*L — tE": nef}
U, u: X —» X :plaBlFsd X O blow-up T, E & exceptional divisor £ 9 5.

Remark.
- very general 7% 5{ T ® Seshadri constant DEIZ—ETH Y [11], T DEE cgen LT
* Egen WIEHBUZ 22 B HIFA S N TV W

Theorem 1.5 (Main Theorem).
r>9 28K E TS5, SHGH PP r+ 1 THRILT NI,
P2 @ r 5% blow-up £IZ Seshadri constant egen (A) MIEIEIZ 2D ample divisor A BMFIET S

1
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Corollary 1.6.

EikE Ce L, r>9 %2895, SHGH YD r +1 THRLT L,

fEED a € {sn?|s,n €N, 9<s<r}IUT, Seshadri constant M EEEIZ 725 ample divisor A ¥ X, EIZHFAET
5.

Remark.
del Pezzo surface (r < 8) 12D ample divisor @ Seshadri constant (A HEBUZR 5 [11].

2. OUTLINE OF PROOF
Theorem 1.5 (Main Theorem) IZIXD DD EMAZOE S LI NS,

Proposition 2.1 (Key Proposition).
rZEOBKL TS, SHGH TP r+1 QL ZIZEOMNTIE, r DEEHHRLT 5.

Outline of Proof.
e standard 7 divisor D (25U T, 7*D %% X, SHGH conjecture for r + 1 DIRE & 723 0L 5 L THE DT

e SHGH conjecture for r 4+ 1 DIRE % i 72 $ 35 E 1%, 7D % nonspecial 12725 DT, D, 7*D @ dimension &
expected dimension % F#. 3% & D ¥ nonspecial 12722

o I THRWIRX, X, LD nef divisor DFMA:, £ L <1 (—1)-curve IZ 2T ideal long exact sequence ZH{ > T,
EHRRIGEIIRET 5.

Theorem 2.2 ([4]).

r& 9L DKL TS, SHGH TR r+ 1 THIL T, IRDESE SH LD 7.
(1)egen (A) MEERBUZ 7225 ample divisor A € Pic X, WMFIES 5
(2)SHGH ¥18H% r THAL L 720

e Key Proposition & [4] DfEHR%ZMALGDOE S &, Theorem 2.2 DIED S (2) DHZEIIALZ 5720 DT, (1) B3
W, Theorem 1.5 (Main Theorem) 2335115

REFERENCES

[1] C. Ciliberto, B. Harbourne, R. Miranda and J. Roe, “Variations on Nagata’s Conjecture”, arXiv:1202.0475.
[2] C. Ciliberto, “Geometric aspects of polynomial interpolation in more variables and of Waring’s problem.
Mathematics, Vol. I (Barcelona, 2000), 289-316, Progr. Math., 201, Birkhuser, Basel, 2001.
[3] J. P. Demailly, “Singular Hermitian metrics on positive line bundles.” Complex algebraic vari-eties (Bayreuth, 1990), Lect. Notes
Math. 1507, Springer-Verlag, 1992, pp. 87-104.
[4] M. Dumnicki, A. Kuronya, C. Maclean, T. Szemberg, “Seshadri constants via Okounkov functions and the Segre-Harbourne-
Gimigliano-Hirschowitz Conjecture”, arXiv:1304.0249.
[5] M. Dumnicki, W.Jarnicki, “New effective bounds on the dimension of a linear system in P2”, J. Symbolic Comput. 42, 621-635 (2007).
[6] M. Dumnicki, “Cutting diagram method for systems of plane curves with base points,” Ann. Polon. Math. 90, 131-143 (2007).
[7] B. Harbourne, “Complete linear systems on rational surfaces”, Trans. A.M.S. 289 (1985), 213-226.
[8] A. Hirschowitz, “Une conjecture pour la cohomologie des diviseurs sur les surfaces rationelles génériques, J. Reine Angew.Math. 397
(1989), 208-213.
[9] R. Lazarsfeld, “Positivity in Algebraic Geometry I”, Springer-Verlag, 2004.
[10] M. Nagata, “On the fourteenth problem of Hilbert”, Amer. J. Math. 81 (1959), 766—772.
[11] T. Sano, “Seshadri constants on rational surfaces with anticanonical pencils”. J. Pure Appl. Algebra 218 (2014), no. 4, 602-617.
[12] T. Bauer, Th., S. Di Rocco, B. Harbourne, M. Kapustka, A. Knutsen, W. Syzdek, T. Szemberg “A primer on Seshadri constants”,
Interactions of Classical and Numerical Algebraic Geometry, Proceedings of a conference in honor of A. J. Sommese, held at Notre
Dame, May 2224 2008. Contemporary Mathematics vol. 496, (2009), 33-70.

9

European Congress of



