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Abstract

RP00000D000 (a,9) 00000000000, OOOO
u,0oodoooooooooobooo0oooooobooobobooooo
go.oooooooooooooooo,bboo0oboboooooboobooo
gooooco.ooooooooooooboooooobooooo,bobooo
oooooooooooooooooboooooobo.oob,boogo
oooo* ooboor"oooooooooooboooo.ooobo,0b000
gbooobooooobooooboooooboobo,00b00b00o0o
go,oo0ocoooag.

000000 border bases 000000000 OOOO,000000
goobooooobobooobooooooobooooboboooooooooo
og.

1 Introduction

uboooobo,obooooboobobooobo,0booboooooobg.
gobooooooobooo,ooboooboooobooooboooobn
ooboooooooooboooboo.ocoobooooobobooobooobo
ooooooooo.o
gbobooooooooboooo.oocooooooboobobobobooon,
gboooooooobooooo.oboooobooo, 000000000
ooooooooo.

stepl. 0OOOOOOO.

step2. 000000 O0OOOO0O0OOOOOOOOOOOOOOOO.O00000
gooooooboooooo.

step3. U0 O0OO0OO0OOOO.

OO step20 000000, 000D000O0O0O0O0ODODO0ODOOOODO.
00o0o000o0o00ooDo0ooDo0ooo.0op0ooooooooooDo
ooooooboooooboboooooD.

0000, border bases 000000000 O0OOOOOOOOOOOOO
00000bOO0DOOo0O,00000000000O0ODO0. 00000 border
bases 0 OODOODOOO. border bases OO step2 00 O0O0OODO0DOOO
oooooOoooOobOooboOoboOoo.oooboOo,opooboobooo
gooo0oobO,0bof000ob0dbooo0bo0obOobooD. boboboo
border bases 0 000 00OOOOOODOOOO, 000000000000
0000000, 00000000000. 0000 ,border bases 0000
oooooooo,00b00o0o0obooooboOo,obooboobooo
oooooooooon



2 Border Bases[ 0 0[O

00000 border bases 00000 00D OOOOOOOODO. OO,
P =R[zy,..,z,) 000. OO0 T" O power product 00,00,
T = {a}' - a8 |a; € Zxo} 00O,

Definition 2.1 X = {p;,...,p,} 0 R" 00000000000,0000
0G={g,..,g} 0 POOOOOOODOOODOO.

0 (a) Z(X) = {f € P| f(p;) =0 Vp; € X} O vanishing ideal of X 00
googd.

O (b) R-linear map 00 O evalx : P — R* O evalx(f) = (f(p1), ..., f(ps))
U0 O0000D0.00 R-linear map O X OO OO evaluation map O[O
00 0. evaly(f) 0 f(X) 00000000,

O (¢) GO XOOOO evaluation matrix 00O

gi(p1) - gk(p1)
Ma(X) = : : € Mat, (R)

g1(ps) - gr(ps)
ooooo.

Definition 2.2 00 T 000000000 OOO.

0 (a) OO closure 00,00 O 0000000000 power product O
00o00ooooOo. oo0o.

O0((b)O=000000,0 0 order ideal 0 0 0.

O (¢) I € P O zero-dimensional ideal 00, s =dim(P/I) 000.000
0000,00 orderideal 0000000 P/IO (RO vector space OO
O00000)basis 00000, OO quotient basis for 7 00O .
0O (d) OO orderideal 00 0. O O border OO,

00 = (z;0U...Uz,0)\ O

gooooa.



0000000, orderideal 0 border 00 OO0 O0OOO0OOODOOO.

Example 2.3 O = {1,x,y,my,y2} O000,000 order ideal O OO,
border 0 00 = {z?,2%y,zy?,y*} 000.000000000000.00
02000,000y000000.

y
A
q
® O
[ ] () O ® : order ideal
O : border
Ue—e—o - X

Definition 2.3(’):{t1,..,tu} O order ideal O O, 0 0O border O

00 ={by,...,b,} OO00O. gs=b; — " jet; 00, B={g1,....9,} OO
00000 w;eRO.ICPO BOO0OdealOO. OODOO, 0O,
P/TO basis O0OOO0,B0 OO0000 IO boder basis 00 0O.00
0,710 O -border basis 0 00O.

Proposition 2.4 (Existence and Uniqueness of Border Bases)
I C P O zero-dimensional ideal 0 O, O = {tl, ~-7tu} 0 quotient basis for
1000.0000,7I0 O-border basis 0O0O0O0O0O000O0O.

proof. [2] O Proposition 6.4.17000.

Propsition 2.5 (The Border Basis Algorithm)
zero dimensional ideal I C POOO0OOOOOOO, I O border basis 00O
goooooooooooao.

proof. [2] O Theorem 6.4.36 00 O

000,00 section 000000 admissible perturbation 000000
00.00,R"00 norm 00000000, v="vy,..,v,) eR*" 00, E
000000 nxnOO00OD0OOOO.0000,000000 normO0O0
ogd.



[l = [ Evll

Definition 2.6 p 0 R*" 000,e e RTY 00, e = (e1,...,6,) 0O00. OO
00,0 (p,e) O empirical point 000, p* 000.00, p O specified
value , ¢ 0 tolerance 0 00O .

Definition 2.7 p* O empirical point O O, tolerance O ¢ = (&1, ...,&,) O
O0. FOOUOOOOOO RO nxnOO0O0, E=diag(1/e1,...,1/e,) O
O0. p* O ellipsoid of perturbasions 000 0000000O0.

N )={peR"|Ip—ple <1}

Definition 2.8 X = (p1,...,ps) 0 R* 00000000. € O tolerance O
0, empirical point 000 X¢ = {p§,..,ps} 0O000.0000,

(2517 "'7258) € HN(pf)

i=1

0000 R"0000O0X = {p], ...,p}} 0 X® 0 admissible perturbation
ooo.

000, admissible perturbation 00 X OOOOODOOODOOODOODOO.

Definition 2.9 p; , po € R™ O empirical point pf , p§ O
N(p1) NN (p3) =0

ooooo0o,pi,p; Odistinet DOO0O00O.



3 Stable Border Bases

00 section 00O, section2 00000 border bases 0 0O OO0O0O00O, O
0000000D0D0DO0O stable border bases 0000, 000000O00O0O
oo. DDDD,X:{pl,...,pS}CR”D[I,DD empirical point 0 0O OO
st{pi,...,pi}CR" 00,000 X° O admissible perturbation O X O
00.00,X000000000 e0000 distinet OOOQOOO.

Definition 3.1 O 0 orderideal OO0 . OOOO, 0O 0 X°OO0OO stable
O00,X* 0 OO0 admissible perturbationfi 0000, evaluation matrix
Mo(X) O fulltank 00O OOD0O.

000000ODO,00 oO" stable ”O000OO0OOO0OOCOODOOOOODOO.

Proposition 3.2 O = (t1,....t;) O Z(X) O quotient basis 0 O, X¢ 00
00 stable 000. O O border O 00 = {by,...,b,} 0O00. 0000,
000 X° O admissible perturbation X 0000, Z(X) O O-border basis
000.000, Z(X) O border basis O, B = {g,...q,} 000. 000,
gi=bj — 30 Layt; 000, b;(X) =37 0;t;(X) 00000 (i OO
OROO).

proof. [3] O Proposition 3.2000.

00 Proposition DO OO stable D000, 0000000. X0O,00
00000000, X 0000 0,vanishing ideal O border basis O ,border
goooooboooobooooooooob. boobooooboooa
Otolerance e 0000000000, 0000000000000000O
00000000 (0U0O00Uo0ooo 3]0 Proposition3.20000000
0). border basis 0000000000, OO stable 00000,

Definition 3.3 O 0 Z(X) O quotient basis 00 0.000, 00 X 0O
00 stable 000, Z(X) O O-border basis O X¢ 0000 stable 0000
O0. 0000000000, Z(X) 0 X2 0000 stable order basis 0 O
goooo.

0000000000000, Z(X)0 XeO0OOoO stable border basis O
O0000,00 quotient O X* OO OO stable d border OO OOO
O00000. 00000000, 000d O-border basis O tolerance O O
0000000 X*0O000O stableODOODO.

Definition 3.4 O O Z(X) O quotient basis 10 0.0000,0 0 X° O



000, stable 00O0D0OOO tolerance 6 DO OO O.

proof. [3] O Proposition 3.4000.

Proposition 3.5 X O tolerance ¢ 00 0O 0O O, stable order ideal © O O
0000000000000.0,#X=#000000,ZIX)0 X000
O stable O border basis 0 OO .

proof. [3] O Proposition 4.3 0 Theorem 4.4 00 0.

000, stable order ideal DO OO OO OODO O, stable border basis O O

00000000030 00000,000 X0oU0oo,00000 tolerance
e00000,X0O000 stable d border basis 00O O0O0OO0OO0OOO.



4 UU0O0boooooobbbooodod

00000000000 section OO, section3 O stable border bases [
0oo00oooDo0ooooooUoo,00o0boo0oooooooooag.

4.1 000000000

gbo,0boboobobooboboobobooboo.boobobo
gbooooooooooon.

Question 000 X = {p,...p,} CR"00000000. XOOOOOO
0000000000000 D00D00,00000000000000.00
00,0000000000.

section3 0,000 0000 stable border basis 000 O0O0OO0OO. OO
0,00 stableDDDD,XD,DDDDDDDDDD7§§DDDDD,vanishing
ideal O border basis 0, 00000000000 0ODOODOOOODOODOO.
000, 00000000000 ooooooDoooo.

step.1 tolerance OO0 O0ODOOO0OODOODOOO.

step.2 00O 00O stable border basis 000 0. 0000000000000
00000 tolerance 00O O0D0D0OOOOOODOODOO.

step.3 UDOUO0O0OOOOOOO,00000000000000D00O00OO
goooooooon.

oobooooboooooboooobooooobo,obooobooooooooon
gooo.

4.2 Examples

00,000000000000000000000.00000,000
0000000000000000000.000000000R20000
O000OR[z,y] 000000 DO0OO0OO0OO0OOODOOOOOODO. OO,00
00 ApCoCoAOOODO. 0O0DOOO Example 00 OO, border bases [
Joo0ooOoOoOoOoOoOoDoOOOODODOOOOO0.

Example.l. 0000
000 X = {(0,0),(1,3),(2,5.9),(3.1,9)} 0000000 O. stable

order ideal O
{1,9,9%,4°}



stable border basis O

x 4+ 0.000031y> — 0.00022y% — 0.327y,

xy — 0.00017y% — 0.330y% + 0.0049y,
B=1 2y?—0.360y° + 0.168y> — 0.267y,

yt —17.9y3 + 97.8y? — 159.3y,

xy® — 6.27y% + 34.93y% — 57.32y

O00.00,borderbasis 0000000000 OOO,0D00000
0000000000 DO.000, stable border basis 0000000
O00000. 000000000 ooDooooooDooog,

x 4 0.000031y> — 0.00022y% — 0.327y ~ = — 0.327y

gbooooo.oo,0000 =2—-032y 00ooooooo* oo
ooooooooon.

00,000000000000,
y = 2.90 — 0.0494

goobogooooboog.

gbobob,xydgbdabgbooo,bgboogbobooooaban
O00000D0000000DO border bases 1O OOODOOOOODO
gobooboobooooobooo.

Example.2 000000 (0O)
ggd

X = {(1,0.86603), (—1, —0.86603), (1.73205, —0.5), (—1.73205,0.5), (2, 0.02),
(—2.001,0.01), (0.5, —0.96825), (~0.5,0.96825) }

gooooooa.

~1.0F o

stable order ideal O

{1, 2,y.0% 2y, 2%, °, 2y?}



OO0, stable border basis 0,0 000000000O0O0O,0000
oooo.

22y + 0.00219zy2 + 3.995y3 + 0.946622 — 0.002932y
+3.788y2 + 0.000695z — 3.99y — 3.79,

B=1{ x*+4.00392y% + 0.00759y> + 0.00100522 — 0.000134zy

+4.021y% — 4.002282 — 0.00634y — 4.02,

gob,00boboobbooo,bgobboobboobbooon
goo.ogo

Py+4° + 7+ 4y —dy 4= (2" + 4 - 4)(y+1)
ooo.0bobooobooobooboo,
23 ey ot 4y —dr — 4= (2 + 42 —4)(z + 1)

goo.
go,00000bo0ooooa,

2% —0.039zy + 3.984y* + 0.0112 + 0.034 — 4.015

0000000000.00000000000000000d,
>+ 4% -400000.

00000 2?°+42-400000000000000000000.
border bases 0,0 0000000000000 O0ODOOOOOOO
ob.0b00ooooooooooboogoboo,0coboboobbooon,on
000000000 0,000000000. border basis 0O0ODO0O
oobod,y+10 «+1000000000000O0.000000
OO00000000000 bordrbases DOOODOOOODOOO.

Example.3 00 or 00
ood

X = {(~8,0), (~7,0.484), (3, -0.927), (2,0.968),
(5,—0.781), (—6,0.661) }

DDDDDDDDDDD.lO

° 05 E
®
-8 -6 -4 -2 05 2 4 6
[ ] -1.0

000,00 (20)00 2000000000000 0OO0OO0O.O
g, 0booogobooocoobooboooobooboon.

0000y = 0.00946x + 0.00754



000022+ 0.00485zy + 64.00y% — 0.000645z + 0.00222y — 64.00 = 0

0 O, stable order ideal O,

{1,2,y,9, 2y, v}

000, stable border basis 0000000000 OOCO,0000
goog.

22 — 0.03494y% — 0.00429zy + 64.013y — 0.000557
+0.0487y — 64.0045,

B=J 22y+64.024y% — 0.001261zy — 0.0009956y2 + 0.00215z

—64.01y + 0.01721,

0000000000, 0000b000ogooooo,
2 2
z° + 64.01y" — 64.00

0000000000.000000000000000000,00
00O
y(x? + 64.02 — 64.01)

000000000 0000000000 .Example2000000
OwD 22+64.02-64.01000000000000000.

OO000000,borderbases 000, 0000000000000C0O.
OO0 border bases 0000000000000 ODOOOOODOO
obobobooboooooooooo.0oo0oobooo,obo0oo00on
OoOooooooooT 000D "00000. border bases 000 O
googooo.

gbooobo,obooobobooobo,cobobooboobooooaon
obO,0000000000b00obo0oo0oboon.

4.3 OO0

000, border bases OO OO0, 0000000.

ugbbobobooboooboooboobo,oobooboobooooobooon

goo.

o oboobooboobbooboobooboobboobooobo,

goobooooobooboooobooooobooo,0boooboboon.o
obobooooo,00b00b000obo0oooooooooooooon
ooooooooo.
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oo

00000 Rlz,y] 0000 Example 000000, Rz, ...,2,] OO
000000,00000000000000.000,0000000
oooo.

Example2 00 00000,00000000000000000DO
gbbobbobobooboobooboo. oboob,oboan
gobobooobooobbooobbooobooobbooon
gbooooO,00boobocobooboooooboon.

000000000000 0D000D00, border bases 00 OO0OOO
0,000 border bases 100 OO0OOO.O0OO, Proposition 3.5 O
00000, orderideal DOOOOOO OO border 00OD0ODO0O0O
O0O0.00,border bases 000000 D0ODOOOOOOOOO
000000000000, 0000000 oooooooooooo
00o0ooooooo,000bo00o0ooooooooooo. O
oooo,000o00,000o0oD0ooooooooooooooo
000Oo00oOoO0o0DOOo0oooobOOoOoooono. Ood, stepd3 00O
0do0d0o0o0doOo0oOoo, 00000000000 ooooooon
oooooooooooog.

oboooboooobooobooobo,b0o0ooobooobooboooboooonoag
0ooooooooo.000000D00D00D0D. (COooUoooOoo
O0000oO0O0o0ooOoooooooooon)

0000000000 00D00000D0. border bases OO, 0000
oooobooo,0bbooboooobobooboooobbooobooon
OO0D00O border bases 00O O0O0DOO0O0DODO.00000000D0O
gbooooOoboooooboooobooboooooboooon.

OD0distinetOOO0O0OD0ODOOO0OO0,00000000000000, border

bases OO0 OO00DOOO00.000000D00000DOO, distinct
obooooOoboooobobooooobooooooo.

O00000,00000000000000, border basesD0O0OO0OO
obooooboooooboooooon.
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HEN

Examples 0 0 00O stable border bases 00000 ApCoCoADO DO ODODO
0000000000000, Examplel 00000000000000OO0
00,000000000 Example20 3000000000000000
OO0O0O. 00O, B O stable border basis , © O stable order ideal , X 0 O
ooooo.

Example.1
X = {(0,0),(1,3),(2,5.9),(3.1,9)}

0 ={Ly,v* v’}

B={
77682742979400282241480559762643433765773088184
0532865211887100614688707,/250000000000000000000
00000000000000000000000000000000000000000000000

000000000y
—27809112726912165082636981733906754174094533
43919134533941947075183628039,/12500000000000000
00000000000000000000000000000000000000000000000
000000000000y

+x
—163469402076800127364784893866170614346553714
212695001141674469854556956987 /5000000000000000
00000000000000000000000000000000000000000000000
000000000000y,
—1668520578420467185761957730812013348164627363
737486095661846496106785317 /1000000000000000000
00000000000000000000000000000000000000000000000
0000000000y>

13



+zy
—824944382647385984427141268075639599555061179
08787541713014460511679644049/25000000000000000
00000000000000000000000000000000000000000000000
000000000002
+123748609566184649610678531701890989988876529
477196885428253615127919911/2500000000000000000
00000000000000000000000000000000000000000000000

00000000y,

$y2

—359844271412680756395995550611790878754171301
44605116796440489432703003337,/10000000000000000
00000000000000000000000000000000000000000000000
00000000000>
142032814238042269187986651835372636262513904
3381535038932146829810901001 /250000000000000000
00000000000000000000000000000000000000000000000
00000000y>
—265795328142380422691879866518353726362625139
043381535038932146829810901 /1000000000000000000
00000000000000000000000000000000000000000000000

0000000y,

y4

—179/104°

+489 /512

—1593/10y,

xy3
—62730812013348164627363737486095661846496106
7853170189098998887652947719689,/100000000000000
00000000000000000000000000000000000000000000000

0000000000000y>

14



+17463487208008898776418242491657397107897664
0711902113459399332591768631813 /500000000000000
00000000000000000000000000000000000000000000000
00000000000>
—14330798109010011123470522803114571746384872
080088987764182424916573971079/2500000000000000
00000000000000000000000000000000000000000000000
000000000y

}
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Example.2

X = {(1,0.86603), (~1, —0.86603), (1.73205, —0.5),
(—1.73205,0.5), (2,0.02), (—2.001,0.01),
(0.5, -0.96825), (—0.5,0.96825) }

O ={Lz,y,9% zy, 2% y° zy°}

B={
22y + 0.0021871337zy? + 3.9957516075y> + 0.94666892082>
—0.0029307704zy + 3.7882554218y% + 0.0006956227x
—3.9946312852y — 3.7896060902,
3 4 4.0039960730zy> + 0.0075951544%> + 1.0052483208 2>
—0.0001338544zy + 4.0210163921y% — 4.002280244 1
—0.0063467738y — 4.0211121695,
y* +0.35760691112y> — 0.2307981167y> 4 6.6399193424>
—0.256328091 1y 4 25.5142170749y> + 0.0074992208x
40.3933741054y — 26.5827802561,
zy® — 0.7258708041zy> + 0.4310045251y>
—13.8060136593x% — 0.0759315930xy — 54.8359181240y>
—0.0064826804z — 0.7588300477y + 55.2777294790
x2y? — 1.4323220755xy2 + 0.9268708409y°
—27.3974548338x% + 1.0278595468xy — 109.4093953618y>
—0.0306093698z — 1.5781783537y + 109.6847894609

}
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Example.3

X = {(—8,0), (~7,0.484), (—3, —0.927), (2,0.968),
(5,—0.781), (—6,0.661) }

0= {l,x,y,yz,xy,yB}

B={
—0.0349497195y° + 2 + 0.00428873002y
+64.0130240699y% — 0.0005572217 + 0.0487914634y
—64.0044577737,
xy® — 6.1875522796y> + 0.0391632477xy
+3.7538885881y2 — 0.38053744552 + 4.0809662963y
—3.0442995642,
22y + 64.0240374301y> — 0.0012612812xy
—0.0009955977y2 + 0.0021524283z — 64.0108091778y
+0.0172194267,
y* — 0.4441632477y> — 0.0153391487xy
—0.9638888944%> + 0.0148901332z + 0.3190514473y
+0.1191210663,
xy® + 1.2479299148y° — 0.4769829902xy
—2.0301610985> + 0.10703656042 — 1.2299759484y
+0.8562924838

}
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