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Variety 0 projective space P” 00 hyperquadric Q, 00 0O
varietiessU O O OO OO OOOO

e JOOODO: HartshorneO OO OO

Theorem 1 [Mori,1979]

X: n-dim smooth projective variety over an algebraic closed field,
tangen bundle Tx is ample —= X = P".

e JOODOUDOD:

Theorem 2 [Andreatta-Wisniewski,2001]

X: n-dim smooth complex projective variety,
J& C Tx: ample vector bundle = X = P".
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Introduction

e OODODOOODOO:

Conjecture 3 [Kovécs]

X: n-dim smooth complex projective variety,

J&: ample vector bundle of r-rank, 0 < dp < r, IAP & — AP Tx:
inclusion

= X =P"or (p=r=nand)X = Q,.
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e OODODOOODOO:

Conjecture 3 [Kovécs]

X: n-dim smooth complex projective variety,

J&: ample vector bundle of r-rank, 0 < dp < r, IAP & — AP Tx:
inclusion

= X =P"or (p=r=nand)X = Q,.

e Kovacs OO OO OODODO:

Theorem 4 [Araujo-Druel-Kovacs,2008]

E=ZL% (&L linebundle) 000, Kovdcs 0O OO OODODOO
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Main Theorem

Main Theorem

X O Picard number 0 1 000, KovacsOOOOOOOOOO
oooo,

X: n-dim smooth complex projective variety with Picard number 1,
J&: ample vector bundle of r-rank, 0 < dp < r, INP & — APTx:

inclusion
= X =P"or (p=r=nand)X = Q,.
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o U0 RessODOODOODOODOD
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Conjecture 3 [Kovécs]

X: n-dim smooth complex projective variety,

d&: ample vector bundle of r-rank, 0 < dp < r, IAP & — AP Tx:
inclusion

= X=ZP'or(p=r=nand)X = Q,.
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o U0 RessODOODOODOODOD
(0&—-TxOOODOOODODOOODO)

Conjecture 3 [Kovécs]

X: n-dim smooth complex projective variety,

d&: ample vector bundle of r-rank, 0 < dp < r, IAP & — AP Tx:
inclusion

= X=ZP'or(p=r=nand)X = Q,.

e RossOODOODOODOODOODO
Sheaf stability 0 O O.
[Araujo-Druel-Kovdcs,2008] D O OO O 0O.
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Sheaf stability

X: n-dim projective variety, 5Z: fixed ample line bundle,
ZF: torsion-free sheaf,

e Z OslopedODOODO:

Cl(g‘\) . Cl(%)nfl ‘

mF)= k(F)

o .Z: semistable <= (&) < u(F) for V& C Z.
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Sheaf stability

Fact 6 [Harder-Narasimhan,1975]

Z: torsion-free sheaf 0 0 O O, 3 filtration
F=F02F12 2 Fk1=0,

s.t. Z; = 9{/9,‘4_1: semistable, M(Qo) <0< /L(Qk).
000 . 0O Harder-Narasimhan filtration 0 O O .
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Outline of Proof

AP& — APTx 00O X OO rational curves 0 minimal dominating
family HOO OOO ([Miyaoka,1987]).
Definition 7
Irreducible component H C RatCurves”(X) DO O0OOOOO,
minimal dominating family D000 0O

@ H-curves 0 XOOOO,

@ General point x € X OO O H-curves O 0O O subvariety O
proper.
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Outline of Proof

AP& — APTx 00O X OO rational curves 0 minimal dominating
family HOO OOO ([Miyaoka,1987]).
Definition 7

Irreducible component H C RatCurves”(X) D0 000000,
minimal dominating family D000 0O

@ H-curves 0 XOOOO,

@ General point x € X OO O H-curves O 0O O subvariety O
proper.

(Casel) degf*& =r ([fle H) D OO
e [Ross,2010| 000000000
(Case2) degf*& =r+1([fle H)ODODO
e [Ross,2010|0 00 0OODODO
@ Projective space DO OO OODOOO
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Outline of Proof

Key Lemma ([Araujo,2006], [Kollar,1996] O O slope 0 O O)

X O Picard number O 1,
H: minimal dominating family in (Case 2),
32 C Tx st. p(&) < w(2) = X = P".

goooooo oo Characterizations of projective spaces and hyperquadrics for varie



Outline of Proof

Key Lemma ([Araujo,2006], [Kollar,1996] O O slope 0 O O)

X O Picard number O 1,
H: minimal dominating family in (Case 2),
32 C Tx st. p(&) < w(2) = X = P".

@ Tx O Harder-Narasimhan filtration

Tx=F02 P12 2P

U
)

k+1 =10

000,%2=%=2,0000 u(&)<u(2)000.
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Outline of Proof

e g:=rkAPE 0000, NTAPE — ANTAP Tx.
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Outline of Proof

e g:=rkAPE 0000, NTAPE — ANTAP Tx.
e 000Oceurve CCc X OOODO CcOOOODDOOO,

NP Ec— Q) Ao (AN Dy @ -+ @ A 2y)| ¢
ao+-+ax=q
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Outline of Proof

NAPElc— Q) Ao (A° 2@ @A) c 000
aot-+ak=q

e NINPTx O 9,...,2,000,0000000000.
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Outline of Proof

AP E|c — ® Aok (AN Dy @ - Q@A) c OO0
g+ +ak=q
e NINPTx O 9,...,2,000,0000000000.
e 00,0— %1 — Tx — Zy — 0: exact sequence.

— ANPTx =% D% O % DO ---: filtration.
AT AP Tx 4
1,20
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Outline of Proof

AP E|c — ® Aok (AN Dy @ - Q@A) c OO0
g+ +ak=q
e NINPTx O 9,...,2,000,0000000000.
e 00,0— %1 — Tx — Zy — 0: exact sequence.

— ANPTx =% D% D% DO ---: filtration.
AT AP Tx 4 \ 4
91,9.@0 rQS]JQO
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Outline of Proof

AP E|c — ® Aok (AN Dy @ - Q@A) c OO0
g+ +ak=q
e NINPTx O 9,...,2,000,0000000000.
e 00,0— %1 — Tx — Zy — 0: exact sequence.

— APTx =% D% D% D ---: filtration.
A AP Tx %\%\...
71,2 71,2 71,2

ANIAP Ty — F

I

2
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Outline of Proof

NAPElc— Q) Ao (A° 2@ @A) c 000
agttak=q

e NINPTx O 92,...,2,000,0000000000.
e 00O,0— %1 — Tx — Zy — 0: exact sequence.

— APTx =% D% D% D ---: filtration.
A AP Tx %\%\...
71,2 71,2 71,2

e 0,0 % - % -2, —0,...0000,

ANIAP Ty — F

I

2
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Outline of Proof

NAPElc— Q) Ao (A° 2@ @A) c 000
agttak=q

e NINPTx O 92,...,2,000,0000000000.
e 00O,0— %1 — Tx — Zy — 0: exact sequence.

— ANPTx =% D% D gz D - filtration.
m \ \
1,20 1,2 71,2

e 0,0 % - % -2, —0,...0000,

ANINAP Ty —= F1 —— S

SN,
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Outline of Proof

NAPElc— Q) Ao (A° 2@ @A) c 000
agttak=q

e NINPTx O 92,...,2,000,0000000000.
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— ANPTx =% D% 2%2 D ... filtration.
A \ \
1,20 1,20 F1, 20
° DD,O—>9’2—>§1—>91—>0 ...0ooa,
AT AP Tx
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Now we consider about sheaves on the curve C. From the previous
step, we have

NI AP & — NITR(AP Dy @ NO.F) @ Ao .
By the property of exterior products, the short exact sequence
0—-91 —Tx —Z29—0
yields a filtration
NTx=%2%2 - 2%11=0

such that 4;/9; 1 = NPT 9y @ N.F1. Again the short exact
sequence
0_>g2_>g1_>/\p71£20®/\191_>0

yields a filtration
NGy = My DA D -+ D Hjgsr =0

such that 4/t 1 = NoO—K(APTL 90 @ AL @ N}y,
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From the filtration

NITR (AP @ NO.7) @ ARGy = ATTR(AP 2y @ NO.7) @ 4
/\q_ko(/\po@() ® /\Oﬁl) ® J4

U U

T
we have an integer ki such that

NI AP & C NTR(AP Dy @ N0 @ A,
AN AP E Z NTR(AP Dy @ NO.71) ® 41

Then an inclusion

NAPE — (NTTR(AP2y @ N.F) ® H,)
J(NTTR(AP 2y @ AF1) @ Ay 41)
>  ATTR(AP Dy @ NO.F) @ ANTR(APTE 90 @ ALF)
@ A9,

is induced.
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Outline of Proof

e g:=rkAPEODO000O, ATAPE — ANTAP Tx.
e Ul0Dccurve CCc X UODOODO COODODODOO,

/\q /\P (gj‘c [N ® /\aao.,.uk(/\aogo ® L. ® /\O‘kaNC
oot tox=q
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Outline of Proof

e g:=rkAPEODO000O, ATAPE — ANTAP Tx.
e Ul0Dccurve CCc X UODOODO COODODODOO,

/\q /\P (gj‘c [N ® /\aao...uk(/\aﬂgo ® L. ® /\O‘kaMC
apttax=q

Q;:semistable — 0O O : semistable.
e slope 00O OONO
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e g:=rkAPEODO000O, ATAPE — ANTAP Tx.
e Ul0Dccurve CCc X UODOODO COODODODOO,

/\q /\P (gj‘c [N ® /\aQO”'uk(/\O{OQO ® L. ® /\Ofkgkﬂc
oot tox=q

2;:semistable — 0O O : semistable.
e slope 00O OONO
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Outline of Proof

e g:=rkAPEODO000O, ATAPE — ANTAP Tx.
e Ul0Dccurve CCc X UODOODO COODODODOO,

/\q /\P (gj‘c [N ® /\aao.,.uk(/\aogo ® L. ® /\O‘kaNC
oot tox=q

2;:semistable — 0O O : semistable.
e slope 00O OONO

wF @9)=uF)+ u9).
WA F) = ap(F).

1(2o) < -+ < p(2k) — (&) < (L)
ooooo, X =P
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Main Theorem

Main Theorem

X O Picard number 0 1 000, KovacsOOOOOOOOOO
oooo,

X: n-dim smooth complex projective variety with Picard number 1,
J&: ample vector bundle of r-rank, 0 < dp < r, INP & — APTx:

inclusion
= X =P"or (p=r=nand)X = Q,.
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