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© C(lassification of polarized manifolds admitting homogeneous varieties
as ample divisors, preprint (May 2007), submitted.

Kiwamu Watanabe (###/f On projective varieties with group actions February 2/11



© C(lassification of polarized manifolds admitting homogeneous varieties
as ample divisors, preprint (May 2007), submitted.

@ Actions of linear algebraic groups of exceptional type on projective
varieties, preprint (December 2007), submitted.

February 2/11

On projective varieties with group actions

Kiwamu Watanabe (###/f



© C(lassification of polarized manifolds admitting homogeneous varieties
as ample divisors, preprint (May 2007), submitted.

@ Actions of linear algebraic groups of exceptional type on projective
varieties, preprint (December 2007), submitted.

© Homogeneous varieties with structures of algebraic fiber spaces,
preprint (December 2007).

Kiwamu Watanabe (###/f & On projective varieties with group actions February 2/11



© C(lassification of polarized manifolds admitting homogeneous varieties
as ample divisors, preprint (May 2007), submitted.

@ Actions of linear algebraic groups of exceptional type on projective
varieties, preprint (December 2007), submitted.

© Homogeneous varieties with structures of algebraic fiber spaces,
preprint (December 2007).

@ A study of homogeneous varieties in the viewpoint of classification
theories of polarized varieties, preparation.
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Problem

Classify smooth polarized varieties (X, L) such that the linear system |L|
has a homogeneous member A.
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Problem

Classify smooth polarized varieties (X, L) such that the linear system |L|
has a homogeneous member A.

We say that a projective variety X is homogeneous if there exists a group
variety which acts transitively on X.
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Examples of homogeneous varieties

* [P: projective space,
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Examples of homogeneous varieties

* [P: projective space,
* @: smooth quadric hypersurface,
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Examples of homogeneous varieties

* [P: projective space,
* @: smooth quadric hypersurface,
% G(r,C"*1): Grassmann variety,
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Examples of homogeneous varieties

* [P: projective space,

x @Q: smooth quadric hypersurface,
% G(r,C"1): Grassmann variety,
* Abelian variety.
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Examples of homogeneous varieties

+ [P: projective space,

* @: smooth quadric hypersurface,
% G(r,C"*1): Grassmann variety,
* Abelian variety.

Dynkin diagram and a subset of its nodes = rational homogeneous

variety.
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Examples of homogeneous varieties

x IP: projective space, o - - o & An(w1)

w1 w2 Wn-1 Wn
* @: smooth quadric hypersurface,
% G(r,C"1): Grassmann variety,
* Abelian variety.

Dynkin diagram and a subset of its nodes = rational homogeneous
variety.
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Examples of homogeneous varieties

x IP: projective space, o © © o & An(w1)
w1 w2 Wp—1  Wp
* @: smooth quadric hypersurface,
[ O @00 O =—— O
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w1 wa Wn—-2
o
Wn
% G(r,C"*1): Grassmann variety,
* Abelian variety. )

Dynkin diagram and a subset of its nodes = rational homogeneous

variety.
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Examples of homogeneous varieties

* [P: projective space,

° o o o - An(wl)
w1 w2 Wn—1 Wn
x @: smooth quadric hypersurface,
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w1 w2 Wp—1  Wp
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w1 w2 Wn—2
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Wp
% G(r,C™1): Grassmann variety,
o o ° o o - An(wr)
w1 w2 Wr Wn—1 Whn
* Abelian variety.

Dynkin diagram and a subset of its nodes = rational homogeneous
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Examples of homogeneous varieties

* [P: projective space,

O ® ® o & An(w1)
w1 w2 Wn—1 Wn
x @: smooth quadric hypersurface,
[ ] O O =—=—=——=20
w1 w2 Wp—1  Wp
o
ﬂ)n—l
[ ] O 000 o
w1 w2 Wn—2
o
Wp
% G(r,C™1): Grassmann variety,
® ® o ® o & An(wr)
w1 w2 Wr Wn—1 Wn

* Abelian variety.

* o—=—=0o '@ G2(w1+wo)
w1 w2
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(1) If dim A = 1, then a classification of such (X, L) is already known.
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(1) If dim A = 1, then a classification of such (X, L) is already known.
(2) If A= P" with n > 2, then (X, L) = (P™1, 0(1)).
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Example

(1) If dim A = 1, then a classification of such (X, L) is already known.
(2) If A= P" with n > 2, then (X, L) = (P™1, 0(1)).

(3) If A= Q" with n > 3, then (X, L) = (P™1 £0(2)) or (Q"F1, O(1)).
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Example

(1) If dim A = 1, then a classification of such (X, L) is already known.
(2) If A= P" with n > 2, then (X, L) = (P™1, 0(1)).

(3) If A= Q" with n > 3, then (X, L) = (P™1 £0(2)) or (Q"F1, O(1)).
(4) =3(X, L) with A: ab. var. of dimA > 2 (A. J. Sommese, '76).
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Example

(1) If dim A = 1, then a classification of such (X, L) is already known.
(2) If A= P" with n > 2, then (X, L) = (P™1, 0(1)).

(3) If A= Q" with n > 3, then (X, L) = (P™1 £0(2)) or (Q"F1, O(1)).
(4) =3(X, L) with A: ab. var. of dimA > 2 (A. J. Sommese, '76).

(5) =3(X, L) with A= G(r,C") unless r=1,r=n—1or (n,r) =(4,2)
(T. Fujita, '81, '82).
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Example

(1) If dim A = 1, then a classification of such (X, L) is already known.
(2) If A= P" with n > 2, then (X, L) = (P™1, 0(1)).

(3) If A= Q" with n > 3, then (X, L) = (P™1 £0(2)) or (Q"F1, O(1)).
(4) =3(X, L) with A: ab. var. of dimA > 2 (A. J. Sommese, '76).

(5) =3(X, L) with A= G(r,C") unless r=1,r=n—1or (n,r) =(4,2)
(T. Fujita, '81, '82).

(6) If A and X are rational homogeneous varieties with p(A) = p(X) =1,
then a classification of such (X, L) is obtained by K.Konno ('88).
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:

(1) (P, Opnia (i), i = 1,2,
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:

(1) (B™, Gpnra (i), i = 1,2,

(2) (@™, Ogma(1)),
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:

(1) (P, Opnia (i), i = 1,2,

(2) (@, Ognn(1)),
(3) (P(€), H(E)), € is an ample vector bundle on a smooth curve C with
g(C)=0o0r1l and £ an ample line bundle on C with an exact sequence:

0> 0c—E&— L% 50
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:

(1) (P, Gpra (1)), i = 1,2,

(2 ; EQ” » Ogri1(1)),

3

P(E), H(E)), € is an ample vector bundle on a smooth curve C with
g(C)=0o0r1l and £ an ample line bundle on C with an exact sequence:

0> 0c—E&— L% 50

(4) (P™ x P™, Opmypn(1,1)),
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:
(1) (B™, Opara(i)), i = 1,2,

(2) (@™, Oqmi(1)),
(3) (P(€), H(E)), € is an ample vector bundle on a smooth curve C with
g(C)=0o0r1l and £ an ample line bundle on C with an exact sequence:

0— Oc—&— L% -0

(4) (P™ x P™, Opmypn(1,1)),
(5) (G(2,€C?™), Opiseker(1)),
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Main Theorem 1

Theorem (W1)

Let (X, L) be as in Problem 1. Assume that dimA > 2. Then (X, L) is
one of the following:
(1) (B™, Opara(i)), i = 1,2,

(2) (@™, Oqmi(1)),
(3) (P(€), H(E)), € is an ample vector bundle on a smooth curve C with
g(C)=0o0r1l and £ an ample line bundle on C with an exact sequence:

0> 0c—E&— L% 50

(4) (P™ x P™, Opmypn(1,1)),
(5) (G(zv(czm)v ﬁPlﬁcker(l))r
(6) (Es(w1), Oky(wr)(1))-
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Problem

Classify smooth projective varieties acted by some linear algebraic groups.
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Definition

r¢ = min{ dim G/P | P C G : parabolic subgroup }.
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Definition

r¢ = min{ dim G/P | P C G : parabolic subgroup }.

Theorem (M. Andreatta, '01)

X: a smooth projective variety of dimension n

G: a simple, simply connected linear algebraic group acting regularly and
non-trivially on X.

Then

(1) n>rg,

(2) if moreover n = rg, then X is homogeneous.
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Theorem (M. Andreatta, '01)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of classical type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following:

(1) P

(2) Q
(3) Y x C, where Y is P"~! or Q"1,
(4) P(Oy ® Oy(m)), where Y is as in (3) and m > 0,
(5) P(Tpe),
(6) Go(w1 + wa).
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.
Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
(1) Es(w1).
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
(1) Es(wr),

(2) Go(wr +w2),
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
(1) Es(wr),

(2) Ga(w1 +w2),

(3) Y x Z, where Y is E6(w1), E7(Ld1), Eg(wl), F4(w1), F4(Ld4), Gz(wl) or
Ga(w2) and Z is a smooth projective curve,
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
(1) Es(wr),

(2) Ga(w1 +w2),

(3) Y x Z, where Y is E6(w1), E7(Ld1), Eg(wl), F4(w1), F4(Ld4), Gz(wl) or
Ga(w2) and Z is a smooth projective curve,

(4) P(Oy ® Oy(m)), where Y is as in (3) and m > 0.
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Main Theorem 2

Theorem (W2)

X: a smooth projective variety of dimension n.

G: a simple, simply connected linear algebraic group of exceptional type
acting regularly and non-trivially on X.

Assume that n = rg + 1.

Then X is one of the following and the action of G is unique for each case:
(1) Es(wr),

(2) Ga(w1 +w2),

(3) Y x Z, where Y is E6(w1), E7(Ld1), Eg(wl), F4(w1), F4(Ld4), Gz(wl) or
Ga(w2) and Z is a smooth projective curve,

(4) P(Oy ® Oy(m)), where Y is as in (3) and m > 0.

A linear algebraic group of Dynkin type F4 acts on Eg(w;).
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(1) FEZREEZEE 2R T L L TEUIFRRRMEAREDO 3 E1T o 7.

A FETHHNTWIZHERO KIE 72—t

(2) n=rg + 1 22 2 BIS BRI BRI AEAE O MR 2 b O IERF RATE SRR
D EATo T,
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(1) HEZHEEEZ B E K7 & L CEUIFF R R ERIE D Z T 7.
A FE THIDILTWZRER O KIE 72— k.

(2) n = rg + 1 72 2 BNV HEHHRAREE OIEH 2 & D IEFF B AR K
DI FAEAT T2,

Andreatta DFER L AbED L, n=rg+ 1720 HEMERREREOIER %2
HOIERFRINE SRR D272 G5,
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