8 Feb, 2010

Scheme-theoretic image 0 OO O O O [
0000000 O

Joad

schemes 0 morphism f : Z — X O scheme-theoretic image (: sim.) 00, f 00000000 X O0OOO
closed subscheme (: ¢.s.)000000. H OO "sim. 000000007 00000000000O0O0OOO
O00. X 0O afine000O000O0OO0O00O0O (fOUOODO hom O kernel 00000 ¢cs. 000OO0O0O) OO,
0000 sim.000000000000O0O0OOOOOOOO. O00O,0000000000. 0O0,H OO

"f(Z)0sim. 0000000 0000000000000,simY 000000000 sp(Y)=f(Z2)000
0000000o000. 000, HOODODODODODODODOUOODODO0ODODOUOO0,00000000000O000O

() sim.000O0000OOOODO.

(b) simY 0000000 sp(Y)=/(Z)0000000000.sp(Y)=/(Z)00000000000.

(¢) s.im.Y 0000 OO0 ideal sheaf £y O structure sheaf 0y DO0OO0000O.

0O

20000000000

— O0O0O0O0go..f O quasi-compact or Z O reduced 000000000 OOODOOOO.
- 0ooooo..000 fO0D0O0OO0O0ODODO0OODOOOODOOO.

000000000, (a00oooooooo
Theorem 1. 000 fO0000 sim. 000O00O.

000D0000000D000000, (b),()00000000
Theorem 2. f [ quasi-compact or Z [0 reduced 00 0000000000000 sim.Y O0OOOO,
Iy =ker f#, Oy = (im f#)|y, sp(Y) = f(Z) 00000. 00 Z O reduced 000 Y O reduced.

non-reduced-degree d(X) 00 O scheme J0000000 sp(Y) = f(Z) 000000000000

(Y) =
Theorem 3. d(Z) <oo 000 sp(Y) = f(Z). 000, d(Y) <d(Z)

e JO00DDOOUOODOOOODOOOODODOO: quasi-compact 0O reduced DO OO0,

— sp(Y) # f(2), Py #ker f#, Oy # (im f#)|y 0000 (Example 5)
- 000000000000 (Example 6)
— d(Z)<oco0000, S #ker f# 0000 (Example 9)

Definition 4. scheme 0000 [H OODO.

Z / X

e X Oecs. YO f:Z— X O scheme-theoretic image 00000, §Y7
'
Y/

() fOYOooooo.
(mfDDDc&WDDDDDDD,YHXDgfmmmmu



e scheme X O reduced < 000 open subset U C X 0000 nil 0x(U) = 0.

Z X =A}
e f:Z — X O quasi-compact < X 0O open affine covering {U;} 00O, AR f
O f~1(U;) O topological space 0 0 0 quasi-compact. T e x
A3 e 0

Example 5. (sp(¥) # /(Z) 00) |
X := A} = Speck[x ]i': Specklz]/(z"), f: Z =11~ Zn — X (Figure 1). g '

0000,Y =X 2 f(2)={0}. (00, % =0 #ker f#)

non-reduced 0000000 (non-quasi-compact) D00 {0}y 00000. : Figure 1.

Example 6. (0000000000)
X :=P} = Projklz,y|, Z, := Projk[z,y]/ ("), f: Z :=]],—, Zn — X (Figure 2). Z X =P
X 0 200 open affine subsets Up = D4 (y), Uso = D4 () O cover OO Zy .

y Uoo > f
f|f—1(Uo) : f*l(UO) =7 — Up O s.im. O Up. Ty x
f|f’1(Uoo) : f_l(Uoo) =0 — Uy O s.im. O 0. Zs o
UonNU,, OOOO0O0O0O0ODO.OO0OOOO0Oag. /
/A

Non-reduced-degree 000 0O 0O OO

Example 7. Example 5 0000 Z, := Speck[z]/(z?) 0000, sp(Y) = f(Z) = {O}.

Figure 2.

Example 7 0 quasi-compact 0O 0O reduced DO0000 sp(Y) = f(Z) OO0 triviel 00O OO, OO0,
nonreduced OO0 O0OOO0O0OOOODOODOOOOODOOOOO.

Definition 8. ring A O non-reduced-degree d(A) e NU{oo} DOD0ODODOO.

n if IneNst. (nilA)" 1 #£0, (nilA)" =
oo if ¥neN, (nil4)" # 0.

d(A) =

scheme X O non-reduced-degree d(X) O suppex {d(Ox p)} 00000,
X O reduced < d(X) =1. (0000000 reduced D0D00D0D)

Theorem 3. d(Z) <oco OO0 sp(Y) = f(Z). 0O00,dY)<d(Z)ODDDOO. OO, Z0O reduced (d(Z) = 1)
000 sp(Y)=f(Z)00 Y O reduced (d(Y)=1)000.

00,d(Z)<oo0000000000 A =kerf¥ 0000000000 DOO.

Example 9. (d(Z) <oco 00 S #ker f# 0000) 7
X = A} = Specklz,y], Z, = Speck[z,yl/(z"y,2y?), f: Z =120 Zn g, 7@ s

— X (Figure 3). 7 / X =A?
0000,dZ)=2< . Y = Speck[z,y]/(xy?). ’

000, sp(Y) = f(Z) = V(ay), d(Y) =2 < d(2) = 2. “— —

000, Sy #ker f#* (x£A00000000). :
Zn%

Oogdno : Figure 3.
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