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1 00

schemes O morphism f: Z — X O scheme-theoretic image OO, f OO
000000 XO0OOO closed subscheme 000000, [HOOOO,”O
0 0 morphism 0O 0O OO scheme-theoretic image 00000000000
00000, 000000000000000002. 00000 X O affine
00000000000 (Proposition 4.1). 000, X 0000 scheme O
00000000000, 0000 scheme-theoreticimages 0O OOOOO
ooooo0oooooooooD. 0oo,000 fOo0O0OOOO0ODOOOO
gogoooo.

00, [HOODODODDODODODOO scheme-theoretic image 00000, "im f
O scheme-theoreticimage OO0 00000 OO0OO0OOODOOOOOO. O
00O, topological space D0 OO0 OO0 continuous map f: Z — X 000
00000 X 0000 closed subset 0 im f 00O . 00O, scheme 00
000000, scheme-theoretic image 0O OO OO0OOODO underlying
topological space 0 im f 00000000000 0OO.

O00,H 0000000000000 0OOOO0OO0OCOOO,00000
ggoooooo:

Question.
(a) scheme-theoretic image 00000000 00O0O.

(b) underlying topological space 0 im f 00000000000 0O0.
O0,mfO000000O0OO0OO.

(c) structure sheaf 00 OO 0O0OO.

O00000,00000 (Theorem4.10) 00000000 (Theorem 5.14)
0 2 000 scheme-theoretic image OO0 O0O00O. OOO ”f O quasi-
compact 000 Z O reduced” OO0 O0O0O0D0O0OODOODOOODODOODOOO
000,000000 fOODODOOOOOOCOODOODOOOODOODOOO
00.0000000 (p)0000000000000. 00,000000
0000000000, (0000000 00,0000000000 ideal
sheaf O ker f#, structure sheaf 0 im f#* (0000000)0000000
0000 (Theorem 4.16). 0000, 0000000 scheme-theoretic image
oooooooOooo0oo,00o0oO0’0o0”oooooo0. oo, (oo
00000000, 0000000 underlying topological space O im f OO
00000000000 (Theorem 4.11) O, non-reduced-degree 000 0 O
000000000,00000000000000000000 (Theorem
6.10).

L[H] 1T Exercise 3.11(d). 00000000000.
2000, I Lemma 4.5, II Exercise 4.4, I Exercise 4.10 00 .




gboobooooooobooogd:

Main Theorem.

e 000 schemes O morphism f : Z7 — X 0000, f O scheme-
theoretic image YOO O OO ODOO.

e f O quasi-compact 000 Z O reduced DO0DOOO0OODOOO,Y O
underlying topological space sp(Y’), ideal sheaf %y, structure sheaf

oy 0000,
sp(Y) = imf
Sy = ker f*
Oy = (imf#)ly
goooo.

e sp(Y)=imfOOO0O0OOOOOOOOO, Z O non-reduced-degree
0dbobooOOoO0o0O0o0oO0o0obOobOoDbOoDbDOo. obd, Y O non-
reduced-degree 0 Z [0 non-reduced-degree D 0 00O .

00,0000000000000000, f0O quasi-compact 100 Z
Oreduced 00 0000000000000 O0000000COO000:

e JIIOODOIUDOOUD (Example 4.12).

e sp(Y) =imf, Sy =ker f#, Oy = (im f¥)|y, 0000000 (Ex-
ample 4.3, 4.17).

e 7 O non-reduced-degree 0000000, (sp(Y) =imf O0000)
Sy =ker f# 0000000 (Example 6.13).



2 Scheme 0OQOOOOOOOO

0000 scheme0O0O0O0OOOOOOOOOOOOOOOOOOOD. O
OO0 HOOODODOOO.00,00000000000000 [A-M] O [M]
O000O0,sheaf 0000000 [HOOOUDODO. OO, mMng 00O0O0OO
1 000 commutative ring O 0O 0O .

2.1 Scheme

Definition 2.1. topological space X O X O 0O sheaf of rings &x 00
(X,0x) O ringed space D0 0. 00,00 Pe X OO stalk Ox p O local
ring 00000, locally ringed space O 0O O .

locally ringed spaces (X, Ox), (Y, 0y) 000 morphism O O, continuous
map f : X — Y O Y OO sheaves of rings 0 morphism f# : Oy —
fe6x 000 P e X 000000000 homomorphism [ : Oy ppy —
Ox.p O local homomorphism 0000000 (f,f#)000000. 000,
local rings (A,m4),(B,mp) 00 OO homomorphism ¢ : A — B O local
homomorphism 00000, ¢ 1 (mg)=m, 000000000O.

locally ringed spaces O morphisms (f, f#) : (X, Ox) — (Y, Oy), (g,97) :
(Y, 0v) = (2,07) O composition (g,g%) o (£, #) D (g0 f,g.f* o g*) :
(X,0x) — (Z,6,)000000.

Definition 2.2. ring AODOODO A 0O prime ideals 0000 SpecA OO
0. ADideala 0000 {peSpecA|aCp} 0 V(a)DOO. V(a) DDOO
subset [0 Spec A O closed subset 00000000, Spec A O topological
space 000 (00O Lemma 2.3). f € AODOOO open subset Spec A—V ((f))
0 D(f)ooO.

Spec A O O sheaf of rings Ospec4 000O0000: O open subset U C
SpecADOOO,

Ospeca(U) :={s:U = [[ 4| (),G) 0000 }.
peU

goo

(i) YpeUDODODODO s(p) € 4.

(i) Vp e U OO OO p O open neighborhood V OO0 a,f € ADOODO
O000qeVO fgqOO s(q) =a/f in A,.

0000, Ospeca(U) 0000 ring 000000, Ogpeca 0000 restric-
tion map 00000, (Spec A, Ospec 4) O locally ringed space D00 (00
Lemma 2.4(a)). 000 A O spectrum 00 0.



Lemma 2.3. A0 ring 00, a,b,0; 0 A0 ideals 00O OO,
(a) V(a)UV(b) =V (ab) =V (anb).
(b) NV (a) =V (> @)
(c) D =V(A), Spec A= V((0)).
(d) V(a) CV(b) & a2 V.
Proof. [H] II Lemma 2.1. O
Lemma 2.4. A0 ring, X :=SpecAO0DODOOO,
(a) pe X 0DO0O0O Ox,p = A,.
(b) feADDOODO Ox(D(f)) = Ay.
(¢) Ox(X) = A.
(d) {D(f)}rea O X O open base 0O 0.
Proof. [H] II Proposition 2.2. O

Lemma 2.5. A [0 ring, X :=SpecA, fe AODODDODODO,
(D(f), Ox|p(s)) = Spec Ay
Proof. [H] 1T Exercise 2.1. 00 O, [G-D.1] Proposition 1.3.6. O

Definition 2.6. locally ringed space (X, 0x) O, 00 ring O spectrum O
(locally ringed spaces 0 0O O) isomorphic 00 0 O OO affine scheme O
oo.

locally ringed space (X, Ox) O , open covering {U; };c; 000, O (U;, Ox|u,)
O affine scheme 000000 scheme OO0, 00000 X OOOO. O
000 topological space X O wunderlying topological space 0 0 O sp(X) O
O00. 00 Ox O structure sheaf 000 .

schemes 0 morphism O O locally ringed spaces [ morphism (f, f#) O
ooooo,o0b00o0 foOooOO.
Lemma 2.7. A0 ring, X 0 scheme 00000, 000 bijection

Homeg(X,Spec A) — Hommings(4, Ox (X))
f = [*(SpecA)

ogoooog.
Proof. [H] 11 Exercise 2.4 0 0 O, [G-D.1] Proposition 2.2.4. O



Lemma 2.8. A, B 0 rings, X := SpecA, Y := SpecB O O0O. schemes
O morphism f: X — Y 00000 ring homomorphism (Lemma 2.7) O
p:B—-AOODO.O0000,

(a) ADDOOO ideal a D000, f(V(a)) = V(e (a)).

(b) BOOOO ideal b OO0 DOO, f~1(V (b)) = V((p(b))).

(c) D00 beBOODO, f-YD(B))) = D(p(b)).

Proof. [A-M] 1 Exercise 21 000, [G-D.1] Proposition 1.2.2. O

Definition 2.9. scheme X O open subscheme 0O O scheme U O sp(U) O
X O opensubset 00 Oy =0x|yg 00000000000 . Lemma 2.4(d),
2500, X 0000 open subset OO OO open subscheme 0O 0000
0000000. 0000, 000 morphismi:U — X 0000 (i# O
i*(V): Ox(V) — Ox(VNU) O restriction map 0000 0000000).
ddd open immersion O OO .

2.2 Proj

Definition 2.10. S = @ ,.,Sq¢ O graded ring 0 0O . S O homogeneous
prime ideal p, S O homoge;leous element f 0000, S, S, 000000
00 Sgy, Sy 00D

SO Sy = @,.05 00000 homogeneous prime ideals 0 O 0 O
ProjS O00OO. S O homogeneous ideal a DO OO0 {p € ProjA|a C p} O
V(a) DOO. V(a) OO0 subset O ProjS O closed subset 000000
00, ProjS O topological space 00 0O (00U Lemma 2.11). homogeneous
element f € S 0000 open subset Proj S —V((f)) O D4(f) DOO.

Proj§ 00 sheaf of rings Op,ojs 00O O OOO: O open subset U C
ProjSOQ0O0O0O,

Oprojs(U) ={s:U — [] S | (),(() 00D O }.
peU

goo

)

(i) VpeUDODDDO s(p) € Sp)-

(i) Vp e U DO OO p O open neighborhood VOO O d€Z, a, f € Sq O
D00000qeVO f¢q00 s(q) =a/f in Sg.

0000, (ProjS, Oprojs) O scheme 000 (00O Lemma 2.12).



Lemma 2.11. S 0O graded ring 00O, a,b,a; O S 0 homogeneous ideals
ooooo,

(a) V(a) UV (b) =V (ab).

(b) NV (ai) =V (X ai)

(c) 0 =V(S4), ProjS =V((0)).
Proof. [H] II Lemma 2.4. O
Lemma 2.12. S 0O graded ring, X =Proj S 00000,

(1) pe X 0000 Ox, =S,

(b) homogeneous element f € SO O00O0O,
(D4(f), Ox|p,(s)) = SpecS(y)-

Proof. [H] I Proposition 2.5. O

23 00000

Lemma-Definition 2.13. schemes {X;};c;, 0 ¢ # j 000 O open subsets
Uy;, 00O isomorphisms ¢;; : Uy — U;; 0, 0000000000000
gooood:

(i) @iy =5 (Vi,j).
(i) @ij(Uij NUix) = Ui N Ui (5,5, k).
(iii) @ik = wjr 0 wij on Uy NUs (i, 4, k).

0000, scheme X 0000 ¢ 0000 open immersions ¢; : X; — X 0O
ooooooooooog:

(i) {:(X;)}ier O X O open covering.
(i) u(Usy) = 9a(Xi) N 5(X5) (Vi 5)-
(iii) o; = Yj o @iz on Uy (Vi,7).

X O {X;}; 0 {py}; 000000000000. 00 Uy =0 (¥,5) 00
0, X 0 {X;}; O disjoint union 000, [[,., X; O00O0O.
Proof. [H] Exercise 2.12. O

Lemma 2.14. X,Y 0O schemes OO 0.



(a) f,g: X — Y O morphisms 00, X O open covering {U;};c; 000
00 flu, =glv, (Vi) 0ODDOOOD. 0DOO, f=g.

(b) X O open covering {U;};c; 00 ¢ 0000 morphisms f; : U; = Y

O, filvnw, = filvo, (%,j) 00000000000000000.
0000, morphism f: X Y O fly, = f;(¥) 000000000
ggd.

Proof. [H] II Theorem 3.3 Step3. O

2.4 Closed immersion

Definition 2.15. morphism f : ¥ — X O closed immersion 0 0 O O
O, sp(Y) OO sp(X) O closed subset 0 O homeomorphism 0000, O
00 f# : 0y — f.Ox O surjective 00000000, scheme X O
closed subscheme OO X OO closed immersions OO0 O0O0O0OO. OO
O,f:Y—-X0O/f:Y->X0O0000O0O0O0, isomorphismi:Y' —Y
Of=fo:00000000000000O00O. 00O, scheme O closed
subset 0O OO0 OO closed subscheme OO0 O OO0OOOOOOODO.

Lemma 2.16. f:Y — X 0O schemes 0 morphism O 00O.

(a) f O closed immersion DO 0O, OO0 open subset U C X 0000
fly=1@wy : f7HU) — U O closed immersion 000 .

(b) X O open covering {U;}ie;y 00000 flp-1yy : f~HUs) — Us O
closed immersion (V) 00000, f O closed immersion 0 0 0.

Proof. [G-D.1] Corollaire 4.2.4 b). O

Lemma 2.17.

(a) A O ring, X :=SpecAOO0O0OO, AQO ideals 000 X O closed
subschemes D000 a+— SpecA/a 00 10 100000.

(b) S O graded ring, X :=Proj S, a O S O homogeneous ideal 0 0 0O
O, ProjS/a 0000 X O closed subscheme 00O .

Proof. (a): [H] II Exercise 3.11(b) O OO, [H] II Corollary 5.10. (b): [H] II
Exercise 3.12(b) 00 O, [G-D.2] Proposition 2.9.2. O

Lemma 2.18. g : Y — X O closed immersion, h,h' : Z — Y O morphisms
OO0,goh=goh 000.0000,h="n.



Proof. set-theoretic map D00 goh =goh' 00000, g O injectivity
0 O set-theoretic map DO O h = h'. OO, g.h* og” = g.h/# og” 00O
000, ¢% O surjectivity 0 O g,h# = ¢g,/'#. 000, h¥ = g lg.h?# =
g lgMNF =R# 00000, schemes 0 morphism 000 h=A. O

2.5 Reduced

Definition 2.19. ring A 0 nilradical 0 nilAO0O00O. nilA=0000 ring
A0 reduced 000000 . scheme X O reduced 00O, 000 open subset
UCXO0OO0OO0O0O Ox(U)Oreduced 00O00OO0O0O. ODO0O0OO0O PeX
00 stalk Ox p O reduced 0000000000000 O0O0O0O0O3.

2.6 Quasi-compact

Definition 2.20. scheme X O quasi-compact 0 00 0O O, topological space
sp(X) O quasi-compact 00000, 0000000 open covering U finite
subcovering 00 OO0 OO0O.

Lemma 2.21.

(1) affine scheme O quasi-compact.

(2) scheme X 0O quasi-compact 0000000000000 X O finite
open affine covering 0000000,

Proof. (a): X :=SpecAUO0O, {U;}ie;y 0 X 00D 0O open covering 000 .
OU;0AD ideal a; 0000 X —V(a,) 00000, Uy, Ui = X 00
V(X ) =0 000, Y,,a=A4000,% a, =1 (1, €a,)
oooo.o0o000,YY e, =A00UY U, =X000.

(b): scheme 00000 X O open affine covering {U; }ie;y 0000, X
0 quasi-compact 000000, 00000 finite subcovering 0000 .
00, X O finite open affine covering {U;}L, 000000, {Va}aea O X
0000 open covering 0 00. 0 :0000, (a) OO U; O quasi-compact
D00 Ui CX=UyeaVa OO0 Ui €Uyep, Va (Ai O AD finite subset)
oooo. DDDD,A’::UlNzlAiD A O finite subset 0 X = (Jycp Va O
O0. 000, X O quasi-compact. O

Definition 2.22. schemes 00 morphism f: X — Y 0O quasi-compact 00
000,Y O open affine covering {V;};e, 000,00 ;0000 f~4(V;) O
quasi-compact 00000000,

3[H] II Exercise 2.3.



Lemma 2.23. schemes 0 morphism f: X — Y O quasi-compact 0 00O
0000000000,Y 0000 open affine subset V OO OO f~1(V)
0 quasi-compact 00 O0O00000O.

Proof. 0000 scheme 00000000000, 000000.

00, 0000: open affine W(= SpecC) C Y 0000 f~4(W) D
quasi-compact 00000, Vh € C 0000 f~YD(h)) O quasi-compact
000. 00, Lemma 2.21(b) 00O f~Y(W) O finite open affine covering
{Ui(=Spec A)}N., 000. fly,: U; — W ODODOO0O ring homomorphism
O C— A, 0000, fADE) N T = (flu,) (D) = Digi(h))
(Lemma 2.8(c)) O affine (Lemma 2.5) 000, f~Y(D(h)) O cover O 0.
000, Lemma 2.21(b) OO0 f~1(D(h)) O quasi-compact.

04, f O quasi-compact 000000, O00O0O0O, Definition 2.22, Lemma
24(d),000000000000, open affine W CY O f~W) O quasi-
compact 000000000 Y O openbase DO0. OO0, 000 open
affine V. C Y O, open affine covering {Wilrex 00 f~1(W) O quasi-
compact J0OO00O0OO. 000, Lemma 2.21(a) OO V O quasi-compact
000 #K < oo 00O000O. O f~Y(W) O finite open affine covering
{Ukitier, DOODODO, f~YV) = Uer f~H (W) O finite open affine cover-
ing {Upitrex,icr, 000, 0000 quasi-compact 00 0. O

10



3 Scheme-theoretic image OO OO0 OO

3.1 00

Definition 3.1. f: Z — X 0 schemes O morphism OO 0. Y O X O
closed subscheme 00, g: Y — X O closed immersion DO 0O. f 0000
YO (¢0)0000000000,Y O f0O scheme-theoretic image 0 0
oooo:

() fO0YDO (gO)OODOO0OO.

(2) f 000 closed subscheme Y’ O (closed immersion ¢’ 0 ) 00000
0,¢g0Y'0 (¢0)0000000.

oooooooooooooooo:
(1) 3 morphism h: Z =Y st. f=goh.

2) closed immersion ¢’ : Y/ — X 0 d morphism h' : Z — Y’/ st. f =
g
gohODOUOUOODOODO, I morphismk:Y —Y’'st. g=g ok.

Remark 3.2. (1)000 (2)00000000000, closed immersion O
00 (Lemma 2.18) 0O00OOOO0OODO.

3.2 000

scheme-theoretic image 00000, 0000 (1),(2)000000000
ooooooooo.

Proposition 3.3. f: Z — X 0 morphism 00 0. 200 closed immersions
g:Y—X,¢:Y' — X 0O f O scheme-theoreticimage 00O O00. O
000,Y @Y’ (X O closed immersions 000 ) 00000,

Proof. ¢ 000 (1)00 f0 ¢ 0000000, ¢000 (2) 00 morphism
k'Y -Y O0g=¢ok00000000000000. 00,¢000
()00 f0g¢gO00O0O0O0OO,¢ 000 (2) 00 morphism ¥ : Y - Y
D¢ =gok 0000000000 D00D0. 0000, g=gok ok,
g =g okok’. Lemma 218 00 idy =k ok, idys =kok'. 000, kO
isomorphism. OO0 OO0, X O closed immersions 000 Y =Y. O

11



4 00000

0 O, scheme-theoretic image 000000000 0O0. O0OO0O,000
oobobooooooboo0ooooooooobooooobo.booooooo
0,000000000 fO0000COO0O00O. OO0, underlying topological
space 0 0 0O structure sheaf 000 O0O0O0O00OO.

4.1 X 0O affine OO0

00, X 0Oaffine00000000. OO0ODO, 00000000000
go.

Proposition 4.1. A 0 ring, X :=SpecAO000. f:Z — X 0 morphism
00, f 00000 ring homomorphism (Lemma 2.7) O ¢ : A — 0z (Z) O
O00.0000,A0idealkerp 00000 X O closed subscheme (Lemma
2.17(a)) Y O f O scheme-theoretic image 0 0O .

Proof. ¢ : A — A/ker 00 00 homomorphism DO0. 0000, 00

000 schemes O morphism g: Y — X O closed immersion 0 00O .

1) ¢o: A— 0z(Z)0p: Alkerp — Oz(Z) OODDOOO. ODOOO,
p=poy000,p0%00000.000,f0¢00000 (Lemma
2.7).

(2): p: A— 0z(Z)0 ADDOO ideal a 0000000 homomorphism
W A — A/ 000000O00. OOO0O, a = kere C kerp 00,
Yp:A— Alkerp 0 Y :Ala— Alkero 00000. 0000,9% =vor)
OO0, 0« 00000. 004, f:Z — X 000 closed immersion
¢:Y -X0000000,9g0 ¢ 00000 (Lemma 2.7, 2.17(a)). O

00,00000000000000000, X 0 affine 0000 Propo-
sition 4.1 00000 Y O underlying topological space sp(Y) OO OO0 O
good.

Proposition 4.2. Proposition 4.1 000000,

(a) sp(Y) 2 im f.

(b) Z O quasi-compact 000 reduced DO OO0, sp(Y) =im f.

oo0d,”s” 0 X 00 closure 0 O0.

Proof. 00 0O Proposition 4.1 D0 O0OO0O0OOO0OOODODO.
(a): Y=img Dim(goh)=im f. OO closure JO000,Y Dim f.

12



(b): Z O open affine covering {Witrex 00 0. p: Oz(Z) — Oz(Wy)
O restriction map 0000, flw, : Wy — X 0000 O ring homomorphism
Oprop: A—0Oz(Wy)OOO. O0ODO,

mf = (Y m

keK

> | rm)

keEK

U flw,. (V(0)

keK

U V(oo 0)~(0)).

keEK

000, 0z Osheaf 000 ,Vs € 02(Z2) 0000 slw, =0(Vk) & s=0
0000. 0000, Mg rr'(0)={0} in 62(2) 00000,

Y = V(e~'(0)
= V(e ' () p"(0)

keK

= V() (ero®) (0)).

keK
00, Z 0 quasi-compact 0O 00, #K <oco OOOODO,
U V(e o 0)71(0) = V() (0 0) 1 (0)).
keK keK

000,imf2Y.

00, Z 0 reduced D000, V0 =0in 07(Ws). A D ideal a 000
O,imf=V(eOO0DO0DOOO. 0000,0 ke KOOOO, V(a) D
V((prow)~1(0)) OO,

Vi € Voo i)
= (prop)H(V0)
= (row) (0.
ooo,

va < (Y(prow) (0),

keEK

V([ (oo @) 1(0)).

keK

V(Va)

V)

000,mf=V(J/a)2Y.
00000,(d)000000, Z O quasi-compact 000 reduced 00O
Y =imf. O

13



Z 0 quasi-compact 000 reduced DO0O000,sp(Y) 2imf 0000
ooo0o.0o0ooooooo.

Example 4.3. k£ O field 00, X := Al = Specklz] 000O. OO, Z, :=
Specklz]/(z") (n=1,2,...)000. 0000 A, 000 ODODOOODODO
000000 closed subschemes D00, n > 20 reduced DOO. OOO
O disjoint union (Definition 2.13) 0000, Z =[], Z, OO0 DO. sp(Z)
0000000 discrete topology 000000 OOO quasi-compact 0 0O
00000ooog. f,:Z, — X (n=1,2,...) 0O closed immersion 00O,
f=1,1fn:Z—-X000 (Figure1 O0O).

Z X =Al
7y
Zye
Zg-

i\

A

Figure 1.
oood, 00000 ring homomorphism O,

p:Ox(X)=klz] — 02(2) =[] kla]/ ().
n=1
F — (Fmodz™)2,

000, kerp =) (z*)=0. 00, Fe()_,(z")00F#0000
O,Fc(zef*H 0000000, 000, klz]0ideal 0 D000 X O
closed subscheme 0 X OO0OO0O. OO0, Proposition 4.1 00 Y :=X O
scheme-theoretic image 00 0. 00, imf = {0} ={0} 000.

Remark 4.4. 00 Example 43 00000000,sp(Y)2imf 0000
0000, ?scheme O closed subset DO 00 OO0 reduced OO O closed
subscheme D000 0O00” 00000000, 0000, {nthey OO
00000 co OOOO0OOOOODODODOOOOOOOO, 0000 closed
subschemes {Z,},ey DO0O00O0O0O {0} 00000000000 subset
ooooooooooooooon.

sp(Y):ﬁ[II:]DDDDDDDDDDDDDDDDDDDDDDDD
00, quasi-compact 000000 000000000 coOOOOO” O
0000000, reduced 000000 ?"00000000000O000O00OO
coO0DODO”OOODOODOODO.
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4.2 JUO0OOO0OOOOOOOOO0
"oo0O0orobooooooooooopooooo.

Lemma 4.5. f:Z — X 0 morphism 00, g:Y — X O closed immersion
ooo.

(a) fO¢O0O000000,000 opensubset UC X 0000 flp-1(y):
fTYU)—=U0gly-wy: 9 (U)y—UDOOOO.

(b) X O open covering {U;}se; 000000 flp-1u,) : fH(U;) - U; O
gy 9" (U) —U; 0000000, f0¢00000.

Proof. (a): 00O O, morphism h : Z — Y O0O000O f=goh OO
ooo. 0000, f£~YU) = R~ g Y(U)) 0O h(f~1(U)) € ¢ (U) O,
fli-r@) = glg=r@y o hly-r@y- BAD, fly-2) O glg-1@y BHOODO.

(b): 0ODODO, D0+ 0000 morphism h; : f~1(U;) — ¢~ (U;) 000D
O fly—rwyy = 9glg-1wnohs 00000, 00DOO,

fiwinvy = 9lg-rwinvy) © bil g1 @winws).

flyrwinvy = 9lg—rwinuy) © il 1wy

Lemma 2.18 0O O hi'ffl(UiﬁUi) = hj'ffl(UiﬂUi)' g D, {hi}ieI ooo
000 h:Z —Y 00000 (Lemma 2.14(b)). 0000, flfiw,) =
glg-r@wyohi=(goh)|f-1w, (Vi). 000, f=goh (Lemma 2.14(a)). O

O00,X0000scheme 00000000000, OO Lemma4.5000
000000000, X O open affine covering {U; };c; 0000, Proposition
4100000 f|f71(Ui):f_1(Ui)—>Ui O scheme-theoretic image Y; OO
o0, 000b0bo00do0ooboboooooobobooo.oog,ooo
ooooooooey0O000U0UNU;0Y,0Y;00000000000
oo0.0b00o0o0og, 000000 oooooo ’ooo»ooo
gdd:

Proposition 4.1 0000, 000 opensubset U OOO0O,YNU
O flg-1w): f71(U) — U O scheme-theoretic image 00 0.

00O, basic open subset D(a) (e € A) DO0OO0O00OO00OO00OO00ODO0OO0O0O
fO00000000D000O0. 00000000000 LemmaOO0O0OO.

Definition 4.6. X O scheme 00, f € Ox(X)OOODO,
Xy ={PeX|fp¢mxp}

OoooO. 000, fp O fO Oxp 00 image, mxp 0 Ox p 0 maximal
ideal OO O.
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Lemma 4.7. X O scheme 00, f€ O0x(X)OODO.

(a) 000 open affine U(=SpecA) C X OOO0O, f:=fly € Ox(U)=A

00000, Xy,nU=D(f)00000. 00, Xy 0 X O open subset
ooo.

(b) flx, O Ox(Xy) 0 wit 00 0.

(¢) X O quasi-compact 000 reduced 00 0% 0000, g€ Ox(X) DO
glx, =0in Ox(X;,) 00000000,002>000000 frg=0
in Ox(X)000.

Proof. (a): Vpe U =SpecADDOODO,

peX;nNU fo €mx,in Ox
?p gmyy in Oy
f/1 ¢ pA, in A,
fépinA

p € D(f).

S R

000, X;NU = D(f).

b): 00 PeX; 0, fpgmxp 00 fp 0 Oxp 0 wit. 000, flx,
O unit.

(c): X O open affine covering {U;(= Spec A;)}iey OO00. O ¢ 00O
O, fi == flu,gi = glv, € Ox(U;) = A, 000. D000, gilx;nu; =
(9lx,)|x,00, =0 in Ox(X;NU;). 0000, gi/1=0in (4;);,. 000, 0
On>000000 ffg=0in A; = Ox(U;) D00,

00, X O quasi-compact 000, #I <occ OOOODO. OO0, n:=
max;er{n;}(> 0) 0000, (f"9)|u, = flgi = 0in Ox(U;) (Vi) OO,
frg=01in Ox(X)0D00.

00, X O reduced 0000, (fig)™ = (fg))g ' =000 (f9)lv, =
figi O Ox(U;) O nilpotent 000 0 (V4). 000, fg=0in Ox(X). O

gboooboooooooobo.

Proposition 4.8. Proposition 4.1 0000, 000 Z O quasi-compact O
OO0 reduced000. OO0ODO,000 a€e AODODOO, closed immersion

g‘g—l(D(a)) : g‘l(D(a)) — D(a) O f|f*1(D(a)) : f_l(D(a)) — D((I) O
scheme-theoretic image 0 O 00O .

Proof. 000 Proposition 4.1 0000000000 O0O0O.

4[H] I Exercise 2.16(b) 00 ”X O quasi-compact” 000000000000000.
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00, g1 (D(a)) = D(¢(a)) = Spec (A/ker p)y @) = Spec Aq/ (ker ) Aq
00 glg-1(p)y O Aq O ideal (kerp)A, 00000 D(a) = SpecA, O
closed subscheme OO OO .

00, f(D(a)) = Z,)00O0. 00, Z O open affine covering { Wi }rex
000, pk:O0z(Z) — Oz(Wy) O restriction map D000, flw, : Wi — X
00000 ring homomorphism O ppop: A — O0z(Wy) O0O0O. OO0,
71 (D(@) Wi = (flw,) " (D(@)) = D((p 09)(0)) = Zip(a) Wi (Lernma
47(2)). 007" Upe” 0000 F7YD(a)) = Zp(a)-

00, schemes 0O OO0

7—1 >x
Zi@ ey DJ(Aa)
0000 global sections 0000 rings 0 O0OO0O0O
02(2)<—— 4
02(Zp(a)) ©— A,

O0O0. 0000, p O restriction map, « O b — b/1 000. OO0,
Vobe A,vm>00000,

Pa(b/1) = (a0 @)(b) = (pop)(b) = ¢(b)|z, )
Pa(b/a™) = pa(b/1)pala/1)™™ = ()| 2, ) (P(a)|z,,) "™

00, Vb/a™ e A, 0000,

b/a™ €kerp, < (0(b)z,.,)(p(a)|z,.,,) " =0
& ¢0lz,. =0
W oy >0 s.t. o(a)pd) =0
& dl >0 s.t. albekergo
< bfa™ € (ker p)A,.

(x)0ooo:

(=): Z O quasi-compact 0 00 reduced 000 Lemma 4.7(c) O O.

(€): 712,0,"0000 (9(@)]7,0,) (0 (B) 2,0) = 0. 9(a)lz,) O O2(Zyiay)
0 unit (Lemma 4.7(b)) 00, (b)|z,,, = 0.

000, v, O flf-1(payy 00000 ring homomorphism 0000000
0000. glg-1(D(a)) g Y(D(a)) — D(a) O A, O ideal (ker p)A, = ker ¢,
00000 D(a) O closed subscheme 000 OO O, Proposition 4.1 OO
flf=1(p(a)) O scheme-theoretic image 0000 . O
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D(a) DODO opensubset 00 0000000000000, 000 open
subset 00 O0DO0OOOOODO.

Proposition 4.9. Proposition 4.1 0000, 000 Z O quasi-compact O
00 reduced DODOO. OOOO, 000 open subset U 0000, closed
immersion g|y-1y : g7 U) — U O fly—1ry = f71(U) — U O scheme-
theoretic image O O OO .

Proof. (1): f0 ¢ 0000000, Lemma 4.5(a) 00 fl-1@y O glg—1 )
ogoooog.

(2): Lemma 2.4(d) 00 U = U,¢; D(as) (a; € A) D000 Proposition
4800,040000 gly1 () : 9~ (D(@) = D(a) O fly1 (b)) :
f~1(D(a;)) — D(a;) O scheme-theoretic image 0000 .

00, flfw) : f7({U) — U O closed immersion ¢’ : Y/ — U 0000
0000.0000, Lemma4.5(a) D00 f|t-1(p)) O ¢'lg-1(D(as) 00
000. 000, gl @y D00 (200 glg-10@) B 9ly-1 (@) O
0000. 000, Lemma 4.5(b) 00 gl 0 ¢/ 00000, O

4.3 0O0OO0OO0O0O0O0OOOO

oboboobooboooooooooooooooooo. o000, x o
O00scheme DODOOOO0OO0ODOOOO.

Theorem 4.10. f: Z — X 0O schemes 0 morphism 00 0O. f O quasi-
compact 000 Z O reduced O OO f O scheme-theoretic image 0 0 0O O
oooooooooo.

Proof. {U;}ier O X O open affine subsets 0 0 0 0 0°. Proposition 4.1
000 flprwy : f~1(U;) — U; O scheme-theoretic image Y; 00000,
gi + Y; — U; O closed immersion 00, Yj; := gi_l(Ui NnU;,))000.

f O quasi-compact 0000 f~Y(U;) O quasi-compact (Lemma 2.23). Z
0 reduced 0000 f~Y(U;) O reduced. 00 O, Proposition 4.9 0 open
subset U; NU; C U; 000 U;NU; C U; 000000000, 200
closed immersions g;ly,, : Yi; — U; N U; 000 gjly;, « Yy — UiNU;
O fly-vwinuyy = f7HUiNnUj) — Uy nU; O scheme-theoretic image 0
O00. 000, scheme-theoretic image 00 0 O (Proposition 3.3) O O
Jdisomorphism ¢;; : Yi; — Yji s.t. gily,, = gj|y_7.i 0 Pij.

{¥;}: O {¢y;}; 0000000000 (Lemma 2.13) 0000000,

. 1 ..
(1) wij = Pji (Vi,5).
5Theorem 00000000 {U;}ier O open affine subsets 1000000 open affine

covering 000000D0OO. OO0, OO0 structure sheaf 000000 (Theorem 4.16),
000 open affinesubset 00 0000000000000 0O0O0O0OOOOOOOOO.
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(i) @i (Yig N Yie) = Y5 0 Yy (V0,5 k).
(ili) @i = @jr 0 @ij on Yy N Y (Vi 5, k).
(i): 9j|in oYij = gi\yij
= Gilvi; 0opjio %‘11
gilv © 90;1'1'
Lemma 2.18 OO ¢;; = Lp;il.
():  @y(YiyNYik) = wilg; (UinUj)Ng; (U N Uy))
= ¢ (g7 (UiNU; N UR))
= g, "(U;NU;NU)
= g;'(U;nU;) N gy (U; N Uy)
= Y;NYj.

(iii): 9k|Ykak~ O Pik|y;;NY; =  GilYinYik
J J J

= gjlviiny;, © Pijlvinvi

= gklviivi; © @ikly;iny;, © @i

YijNYig -

Lemma 2.18 OO pikly,;nvi. = ©jkly;iny;, © @ijlvi;nyie-

00000, {Y;} 0 {¢;}; 0000000000 scheme Y 0000
0 (Lemma 2.13). OO0, gily,, = g5ly;; 0wi; OO0 {gi}ie;r 0O0DODDDODO
schemes 0 morphism ¢ : Y — X 00000 (Lemma 2.14(b)). 000, O
9lg-1@wn (= 9i) - g Us) — U; O closed immersion 100 g:Y — X [
closed immersion 0 00 (Lemma 2.16(b)). D00, ¢ 0 fO0000 (1),(2)
gogoooooog.

(1): O flf1wy O glg-1w,y 0O0O0O0D0DOO, Lemma 4.5(b) OO0 f 0O g
goooo.

(2): f:Z — X 0O closed immersion ¢ : Y/ - X 00000000. O
000, Lemma 4.5(2) D00 fly1wy) O ¢y OBOOO. DO0O,
9lg-1@wn 000 (2)00 glg—rv,) O ¢lg-1v,) D0000. 000, Lemma
45(Mb)0D0 g0 ¢ 0DOOD.

goo00d,Y 0O f0O scheme-theoretic image 0 0O O . 0

00O, underlying topological space sp(Y) 00O OO OO OO, Proposition
420000000000.

Theorem 4.11. f:Z — X 0 morphism 00, f 0 quasi-compact 0 00O
Z O reduced 0O 0O. OOO0O, Theorem 4.10 OO 0O O O scheme-theoretic
image Y O0O0OO,

sp(Y) =1im f
goooo.
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Proof. 000 Theorem 4.10 000000000 DOOOO.
Proposition 4.2 DD,E:im(f‘f—l(Ui))Ui (viyooo.ooo,”s Y% 0
U;00closure 000. Y O Y,(CU;) D0O0O0ODO0O0OOOOOO,

Y

[
C i
-
=
T
5

Il
-
=
[
D)
S

N
5"
\

0000000 f0YOUODOOOOOOO, Proposition 4.2(a) 0000
oooo. O

f O quasi-compact 000 Z 0O reduced D000 00O, Theorem 4.10 O
0 00 scheme-theoretic image 00000000000 00OOCO.

Example 4.12. k O field 00, X := P, = Projk[z,y] 0DODO. OO,
Zy :=Projklz,y]/(z") (n=1,2,...)000. 0000 P, 00 O:=(0:1)
000000000000 closed subschemes OO0, n > 2 0 reduced OO
Oo.00o0 disjointunionEIDEll],Z::]_[Zo:lZnDIZID. fn:Z, —> X
(n=1,2,...) O closed immersion 00O, f:=[[",f,: Z—X D000
(Figure 2 0 0). 00O, Proj k[z,y]/(z™) = Speck[z] /(") OO D OO.

Z X =P
Z1 . f
Z2 ° \
Z3 - >§ o0
Zn. /
Figure 2.

X =P} 0 200 open affine subsets

Uo = X —{oo} = Di(y) (ZA})
U = X—{0} = Dy(a) (= Ay)
O cover 00O (0DDO0O, co:=(1:0)).
fli-1wey : [ (Uo) = Z — Up = A}, O Example 4.2 0000 morphism

000000 (000, f 0 quasi-compact 00 00). 000, flr-1y) O
scheme-theoretic image Yo 0 Up O ODO.
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flf—1wey i fHUsx) =0 — Usx =A, 0000, 0000 homomorphism
0

b

Voo 1 Ox(Uso) = k[z] — Oz(0) = 0.

000, kergpoo = klz]. 0DO0O, ideal klz] D000 Usx = A} O closed
subscheme O ¢ OO0
oooao,

Yooo = 95" (Uo NUs) =Uo NUs in Yo = Up.
Yoo = 9 (Uo NUs) =0 in Yoo = 0.
000, Yoo 2 Yo 000O0D0OD0OODOO.

Remark 4.13. 00 Example 4.12 0 Theorem 4.10 00 0 0O O scheme-
theoreticimage 00000000 DOO. OO0, scheme-theoretic image O O
000D0000000D0O0D00.00,00000 X 0004 scheme-theoretic
image 000. 000000ODO Example 5.19000.

4.4 Structure sheaf OO0 O0O0OO0O

00, Theorem 4.10 00 0 O O scheme-theoretic image Y O structure
sheaf 0y 00 000O0OODO. OO00O0O ideal sheaf DO OO

Definition 4.14. X 0 scheme, Y 0 X O closed subscheme 00, ¢g:Y —
X O closed immersion 00 0. OO0O0DO, X OO ideal sheaf kerg# 0 Y O
ideal sheaf OO0, A OO0,

Lemma 4.15. X 0 scheme, Y 0 X O closed subscheme 00 00O,

(a) 00O open affine U(=SpecA) C X 0000, U O closed subscheme
YNUOOOOO AD ideal 0 44 (U) OOD.

(b) Oy = (Ox/Hy)ly DOODOD.
Proof. [H] II Proposition 5.9. O

Theorem 4.16. f:Z — X 0 morphism 00, f 0 quasi-compact 0 00O
Z O reduced 00O 0O. OOO0O, Theorem 4.10 0 00 O O scheme-theoretic
image Y O0ODOO,

Sy = ker f*
Oy = (imf#)ly

OO0000.00 ZO reduced D00O,Y O reduced OO O.
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Proof. 000 Theorem 4.10 0000000 O0DOOOO.

{Ui(= Spec 4;)}ier O X O open affine subsets 00000000000
00.000, flfw, : f7'(U;) - U; 00000 ring homomorphism [
f#(U) : Ay — Oz(f~1(U;)) 000, Theorem 4.10 00000,Y O A; O
ideal ker (f#(U;)) 00000 U; O closed subscheme Y; =Y NU; 0000
O000O00000. 000, Lemma 4.15(a) 00O,

Iy (Uy) = ker (f#(U;)) = (ker f#)(U;) in A; = Ox(U;).

00,000 open subset U C X 0000, {U;}ic;s O U O open affine
covering 00000 JClIO0O0O0OO0OODOOO. OoOoQ, 4 OooO0
ker f# O sheaf J00DD0OO0DO0ODODO,Vse Ox(U) 0000,

S

S € ﬂy(U)

v, € A (U) (Yield)
u, € (ker fH)(U;)  (Vie )
s € (ker f#)(U).

=
= S
=

000, %y =ker f# in Oy.
00, Lemma 4.15(b) OO,

Oy = (Ox/Iy)ly = (Ox [ker f¥)|y = (im f7#)[y.
000, Z 0 reduced 000, v0=01in 0z(f~(U;)) 000000,
VI (Ui) =\ f#(U)7H0) = f#(U:) " (V0) = F#(U:)H(0) = Sy (U)).

000,0Y; =Spec(Ox(U;)/Hy(U;)) O reduced D00 Y O reduced. O

f O quasi-compact 000 Z O reduced DO OO0, X O affine 000
Proposition 4.1 0 O scheme-theoretic image 00000000000 . OO
0,0000 S =kerf* 0000000000,

Example 4.17. f O Example 4.2 000000 O0O. scheme-theoretic
imageY O X O0O0O0OO0O. 000, 4 =0.00,U:=D(x)=X-{0}
oooo,

FHU) : 0x(U) = kla]s — O2(f71(U)) = 02(0) = 0.

000, (ker f#)(U) = ker (f#(U)) = klx], #0. 000, ker f# # 0.
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5 HUooon

0000,0000000000000000000 scheme-theoretic im-
age 0O0O0O0O. ODOO,000000 fOOD0ODDOOODDO. DOOO,
00000000000000 fO0000 scheme-theoretic image 0 O O
oo.

O00000O0o0OgoD, fOO0D00000O0 X O0O0O0O closed subschemes
O0000,0000ntersection (0000000 )00000000O0OOO.
0000000000 quasi-coherent” OO0 O0O0D0OO0DO0O.

5.1 Quasi-coherent

Definition 5.1. A O ring, X := SpecA, M O A-module OO0 OO0, X
OO0 MOOOODO ﬁx—moduleMDDDDDDD: O open subset U C X
oooo,
MU)={s:U— [ My |(i),(iH 0000 }.
pel

ooo,
(i) VpeUDOOO s(p) € M,.

(i) Vp e U O OO0 p O open neighborhood VOO0 me M,fe AQO
000000 qeVO f¢qOO s(q) =m/f in M,

Lemma 5.2. A [0 ring, X := Spec A, M 0 A-module 00000,
() peX 0000 (M), = M,.
(b) feADDOD M(D(f)) = M;.
(¢) M(X)= M.
Proof. [H] II Proposition 5.1. O

Definition 5.3. X O scheme 00O 0. &x-module .# 0O quasi-coherent 0
0000, X O open affine covering {U;(= Spec A;)}icy D00, 0 ¢ 000
000 A;module M; 0000 Zly, M, 000000000,

Lemma 5.4. X 0 scheme O00O0O.

(a) {Fi}icr O quasi-coherent Ox-modules 0000, @, ;% O quasi-

coherent.
(b) Z#,% 0 quasi-coherent Ox-modules 00 00, #®¥ 0 quasi-coherent.

Proof. [H] 11 Proposition 5.2. O
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Lemma 5.5. X 0 scheme 00, F: % — % 0 Ox-modules 0 morphism
000. 0000, 000 ¢ 0 quasi-coherent D00 ker F 000 im F
O quasi-coherent 0 O O .

Proof. [H] II Proposition 5.7. O

Lemma 5.6. f:Z — X 0O schemes 0 morphism 00,0000 (x) 00
gooono:

X O open affine covering {U;};ey 00 « 0000 f~1(U;) O
finite open affine covering {W;;}1, 00000, 04,5,k 000
O Wi N Wy, O quasi-compact 0 00O

0000, O quasi-coherent &z-module 0000, f,.# O quasi-coherent
Ox-module 00O .

Proof. [H] 11 Proposition 5.8 S. O

Lemma 5.7. X O scheme 00000, X O closed subschemes 0 00 X
0 O quasi-coherent ideal sheaves 0000 Y — 4 00 10 100000.
ooooog, # — Y, sp(Y) := Supp(Ox/5), 0y := (Ox/I)|y DOODO
ogd.

Proof. [H] 11 Proposition 5.9. O

5.2 0UOOon

0 O, scheme-theoretic image 0 0 00O ideal sheaf 00 00O O0OODOOO
oooo.

Proposition 5.8. f: Z — X O schemes 0 morphism 00, g:Y — X,
g :Y' — X 0O closed immersions 0 0000,

(a) fO0¢gO00D000 & S Cker f# in Ox.
(b)gD g/DDDDD @jy/gjyinﬁ)(.

Proof. (1): (=): 0000 3h:Z — Yst f=goh 0000, f#* =
gh#og?. OO0, %y = ker g# C ker f7#.

(«<): 00, f(Z2) C Suwpp(0x/Hy) =Y 000O0ODO. O00O,Vze Z0O
00, z:= f(z)(e X)0DOOO, H, C (ker f#), = ker (f#) in Ox . O

0 O, ring homomorphism f# : Ox . — (f.0z), 0000,z € f(Z) 00O

6[H] II Proposition 5.8 0000000, ”X O noetherian 000 f O quasi-compact &
separated” 000000, 00000000000 (x)0O000O0O0OOOOOO.

24



(f+0z): #0000 ker (f#) C Ox,. 000, (Ox/ ) = Ox o/ Iy #0.
0000,z € Supp(Ox/Hy).

000, (set-theoretic) map h:sp(Z) —sp(Y) D OOOO f=goh (set-
theoretic maps D00 ) D000, f O continuous O ¢g O inclusion map O
040, A O continuous.

00, # Ckerf# 00, f#:0x — f.0z 0 f#:0x/ Iy — f.05 0
O000. 0000, ¢g#: 0x — .0y = Ox/ Sy 0000, f# = f#og#
O0O00. 000, h# = g Uf# . g Y(Ox/Iy) = Oy — g ' f.O7 =
9 g0z =h,0, 000. D000,V2€ 20000, f#: Ox i) —
0. 0 local homomorphism 000, 00000 fF = h# : Ox 42y /Py p(z) =
(O] Fyv) iz = Oypz) — Oz O local homomorphism. 000, (h, h#) :
Z —'Y 0O schemes O morphism.

000, g.h# : 9.0y — g.h,Oz O f#: Ox/ Iy — f.07 000 mor-
phism 000, g,h# o g# = fFog# = f#. 00000, f =goh (schemes
O morphism 00O 0)O00O0O.

(b): ()00O0D fOg0O,¢g0 ¢ 00000O0D0OODOODO. O

Corollary 5.9. schemes 0 morphism f: 7 — X 0000, ker f# 000
00 X 00 quasi-coherent ideal sheaves D000 J, OO0O. O0O0OO0, X
O closed subscheme Y OO OO,

Y O f O scheme-theoretic image & 4y O J, 0000

ooooo.
Proof. Lemma 5.7 0 00O Proposition 5.8 00O . O

Corollary 5.10. 00 ker f# 0 quasi-coherent 0 0 O, ker f# 0 Jy 00
0000000, 0000000 X O closed subscheme O f 0O scheme-
theoretic image 0 O O .

Remark 5.11. Corollary 5.10 O, ker f# 0 quasi-coherent 000 f O (O
0)000000000000. 0000000000000 (x)000:

X O open affine covering {U;};e; 00 i 0000 f~YU;) O
finite open affine covering {W;;}1, 00000, 04,5,k 000
0 Wi N Wy, O quasi-compact 000

00, f0 (x)000000, 67 0 Z 0 quasi-coherent D00 .6, O X
O quasi-coherent (Lemma 5.6). 00 Ox O X O quasi-coherent 00 0O,
f#:0x — .0z 0 Lemma 5.5 000000 ker f# O quasi-coherent.

00000, Corollary 510 00 f O (x) 000000 ker f# 00000
X O closed subscheme Y O f O scheme-theoretic image 0 0O O .
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O000,0000000000 Theorem 4.10 000 Theorem 4.16 00O
oooo.

Remark 5.12. Remark 5.11 0000000, Theorem 4.10 0 0 O Theorem
41600, f000000 (x) 0000000007 f 0 quasi-compact 00
O Z O reduced” 000000, (f«@z O quasi-coherent 00000000
00) ker f# 0O quasi-coherent 00 000000.

Example 5.13. Example 4.3 (000 4.17) 000 f0000.Y:=X 0O
f O scheme-theoretic image 00000, Corollary 5.9 00 S =00 J;
O00D0.000Ckerf#0000.00003,000000000000
0000 ker f# 0000000, Corollary 510 000000000000.

OO0, 000 fO0O0DO scheme-theoretic image 0O O0O0O0O. X O
closed subschemes O category 00000000 category 00O 0O, X OO
ideal sheaves D0 0O OOODOOOODO. intersection 000 O0O0O0OOOO
O00sumO000000O00O0O,00000 closed subschemes O category
0o00o0oooooo,0o0g 7fo0000O0”00o0ooooooooon,
oooooo.

Theorem 5.14. 00 0 morphism f : Z7 — X 0000, f O scheme-
theoretic image 000 OO.

Proof. {F}icr :=3;000. 00000 0€3,000#0000. 0
DD,ZZ.GI% OoooDooOg. OO0, O open subset U C X 0DO0O0O
Ox(U)Oideal , ., £(U) 000000 X 00 ideal presheaf pre-) . .7
0 sheaf 000 X OO0 ideal sheaf 00O .

DDDI:I,%Qpre—ziejﬁgkerf#inﬁxDDDDD,sheafDDDD
%gziel.ﬂgkerf# in Ox.

DD,F:@ieI%HﬁXDDDDD S, — Ox 00000 morphism O
000, Y, =mFO000. 0 4 0 quasi-coherent 000, P,.; I
O quasi-coherent (Lemma 5.4(a)). €x O quasi-coherent 000 im F O
quasi-coherent (Lemma 5.5) 00 0.

0000,Y,,%03;0000.000, Corollary 5900 Y,.; % O
0000 X O closed subscheme 00 f O scheme-theoretic image 00 0. O

5.3 Example

Example 4.12 O, Theorem 4.10 O O 0 O O O scheme-theoretic image O
000000OO00DoOOoODDO. 00O, Theorem 5.14 0000000000
0000000000000 0,0000000 scheme-theoretic image [
ooo.

oooooooooooooooooon.
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Definition 5.15. S O graded ring, X := Proj S, M O graded S-module
ooooo,X00 MOOO0OOO Ox-module M 00O0O0O0D00: O open
subset U C X OOO0O,

MU)={s:U— [] My |@).G) 0000 }.
peU

goo

)

(1) VpeUQoooQd 8(p)€M(p)

(i) Vp e U OO OO p O open neighborhood VOO O d € Z,m € My, f €
S, 0000000qeVD fgqDO s(q) =m/f in M.

Definition 5.16. S O graded ring, X :=Proj S O00O0. deZ 0000,
Ox(d)0 S(yo0000. 000,8d) 00 SO0d000000 graded
S-module D0 O. Ox-module & D000, #(d) 0 FR0x(d) OOOO,
# 00000 graded S-module I',(#) O P, T'(X,.#(d)) 0000DO.

Lemma 5.17. A O ring, r > 0, X := Proj A[zo,...,2,) 0000,
I (0x) = Alxg, ...,z
Proof. [H] II Proposition 5.13. O

Lemma 5.18. S O graded ring O S = Sg[fo,..., fr] (fi €S1) 00000
0,X:=ProjSO00. 0000,

(a) OO0 quasi-coherent Ox-module . 0000, (TW(%)) = .£.

(b) 200 graded S-modules M, M’ 0,00 dy € Z 0 Mg = M}, (Vd > dy)
ooooo, M= M.

(¢) OO0 finite graded S-module M 0000, 00 dy e Z00O0O0OO
T(X, M(d)) = My (Vd > do) 00O

Proof. [H] II Proposition 5.15, IT Exercise 5.9. 0 0 O, [G-D.2] Proposition
2.6.5, Proposition 2.7.3, Théoreme 2.7.5. 0

Example 5.19. Example 4.12 000 fO0000O.

oo,o00o000 3, ={0}000. DOOO,003,00000000,
Corollary 5.9 00 0 00000 X O closed subscheme X O f O scheme-
theoretic image 0 O O .

Proof of 73y ={0}”. # € 3, 00O0O. functor "I',” O left exact 00O,
I Cker f# COx OO0 I'(F) Clu(ker f#) C T (Ox)0DDODODO.
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functor "®@0x (d)” O exact 00000000000,

. (ker f#) = @F , (ker £#)(d))

deZ

- @ T'(X, ker (f#(d)))

deZ

= @ker (X, f7(d))).

deZ
ooo,

f#(d): Ox(d) — (f.02)(d an*ﬁz

n=1

DX, f#(d) : T(X, Ox(d) — ﬁF(Znﬁzn(d))-

Lemma 5.17 00 I'(X, Ox(d)) = k[z,y]q. 00, Lemma 5.18(c) DO OO
dy € ZOODDO [(Zy,02,(d) = (k[z,y]/(z")a (Vd > do). 0DDOD,
d>d, 0000,

DX, f#(d) : kle,yla — [ (kle.y)/(
n=1
F — (Fmodz"),

000, ker (D(X, f#(d))) = klz,yla N o2, (e") = k[z,y]an0=0. 000,
Lemma 5.18(b) O O,

(EPker (N(X, f#(d)))) = 0.
deZ

OO0, functor 7”7 O exact 0000000000, .# O quasi-coherent
000 Lemma 5.18(a) OO O0x OO0,

S = ()]
C (Dulker f7)J
= (@ ker (N(X, f#(d))))
deZ
= 0.
ooooo,s=0.0000,73;={0}. O
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6 Non-reduced-degree U0 OO0 00O

Theorem 4.11 O, f O quasi-compact 000 Z O reduced 000000
O0sp(Y)=imfO0OODOO0O0OOOCOO.O0O00,0000000000
ooooooooooooooooooon.

6.1 Non-reduced-degree [ [

Example 4.3 000 Remark 4.4 000000000, reduced 00000
07’0000000000000000 cO0ODO0OO”DDODODODOODODOO.
O00O,reduced 000000000 OO0OOODOODO. OO, quasi-compact
000 reduced 00000 sp(Y)=imfO0O00000000,000000
ooooooog.

Example 6.1. k O field 00, X := Al = Speck|z], Z,, := Spec k[z]/(x?),
Z=11,",Z,000. fr:Z, — X (n=1,2,...) 0 closed immersions [
O,f=1-,/n:Z—X000.0000, f 0O quasi-compact 000, Z
O reduced 0 OO .

f 00000 ring homomorphism 0O,

p:Ox(X)=ka] — 02(2) =[] klal/(=?).

n=1
F — (Fmoda?)%

n=1

000, kerg = (o, (z?) = (2?). Proposition 4.1 00 Y := Spec k[z]/(z?)

O scheme-theoretic image 00 0. 00000, sp(Y) =1im f = {O}.
0000 sp(Y)=imfOOOOOO,Z0000wion 0000000

reduced ("1 0007)0000000,720007000000000000

0O.0000,0{2},00002000,0000000000.000
O00scheme 0000, 0070000”000000000D0O0OO.

Definition 6.2. ring A O non-reduced-degree d(A) € NU{co} O

n if IneNst. (nilA)"1 #£0, (nil A)" = 0.
oo if VneN, (nilA)"” #0.

d(A) =
00000. scheme X O non-reduced-degree d(X) O suppcx {d(Ox,p)} O

gooo.

"non-reduced-degree” 0000000000 OO0OOO. ODOOOODOO,
O000reduced 0000000 O0O0ODOOOOOODOOOO.

Lemma 6.3.
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(a) ADring00000O, A0 reduced < d(A) = 1.
(b) X O scheme 00000, X O reduced < d(X) = 1.
Proof. (a): A DO reduced < nilA=0
& d(A) =1.
(b): X O reduced & VP e X, Ox p O reduced
& VP e X, d(ﬁ)@p) =1
& d(X)=suppcx {d(Ox.p)} =1.

O
00000000000, non-reduced-degree OO0 DOODOOOOODO.
Lemma 6.4. X O scheme, {U;};c; O open covering 00000,
d(X) = sup;e; {d(Us)}-
Proof. d(X) = suppex {d(Oxp)}
= supie; {suppey, {d(Ou, p)}}
= super {d(Us)}
O

Lemma 6.5. A 0 ring, X :=SpecAODODOOO,

Proof. 00 ,VneNODOOO,

(nil4A)" =0 & Vpe X, ((nlA4)"), =0
& VpeX, (nlAh),)"=0
& Vpe X, (nil(4,))" =0.

ooooo.

00, d(X) = supyex {d(Ox,p)} = supyex {d(4,)} DO0DDO, d(A) =
supyex 1d(Ap)} 0O0OODODO.

00,dA) =cc000. 0000,V eNOODOO, (nild)” =0. O
000, 3p € X st. (nil(4,))" # 0. 000, d(4,) >n 00000,
VneN, Ipe X st d(Ady) >n 000,000 supyex {d(Ap)} =00 000
oo.

00,d(A)<occ000. 0000, nilA) ™M =000,VpeX 0000
(nil (4,))¥) = 0. 000, sup,ex{d(4p)} < d(A). OO, (nil A)*D-1 £ 0
00 3p e X st. (nil(4,)1£0.0000,d(4,) >d(A). 00000,
d(A) = sup,cx {d(4p)} O

30



Lemma 6.6. X 0 scheme 00000,
d(X) =sup{d(Ox(U))|U C X: open }.
Proof. (<): Lemma 6.4, 6.5 0 O,
d(X) = sup{d(U)|U C X: open affine}
sup{d(€x(U))|U C X: open affine}
sup {d(0x(U))|U € X: open }.

IN

(>): d(X) =00 0000000000,d:=dX)<occ000. 00
O open subset U C X O0DO. s; € nilOx(U) (1 < j <d) 0000,
s:=s--5000.0000000 PeUDOOOO, (sj)p€nilOxpD
00.00,00n;eNO00DD0 s =0000, ((s5)p)™ =(s;”)p =0
in Oxp. 000, sp=(s1)p-(sq)p € (milOxp)?=0. 000,s=0. 0
000, milox(U)?=0000,d0xU)) <d=dX). O

Example 6.7. k 0 field 00 0.
(a) X :=Speck[z]/(z") 00O d(X) = n.
(b) X :=Speck[ry,...,xn]/(af - 2") 000 d(X) = max{n,...,n.}.
(¢) X :=Specklri,...,x,]/(at,...,a™) 000 d(X) =3 (n;— 1) + 1.
(d) X :=Speck[z1,z2,...]/(zf,2%,...) 000 d(X) = oo.
(e) Z =11, Specklz]/(z") 00O d(Z) = 0.
(f) Z:=]]>°, Specklz]/(z?) 00D d(Z) = 2.

Proof. (a): A:=k[z]/(z")=k[z] 0000,nlA=(z)0,

(il At = (@) £0,
(nild)” = (@")=0.
(b): A:=klxy,...,zn] /(" - 2l) = k[Z1, ..., T0], d:=max{ny,...,n.}

0000,nlA=(z1—z,) O,

I
~—
8
5
8
i
T
L
S~—"
T
<o

(nil A)41
milA)? = (@F——z9) =0.

(¢): A= klz1,...,xn)/(x], ... 2l) = k[T1,..., @), d:=> (n;—1)+1
0000, nilA=(,....,7) 0,

(il At = @™ T | mi >0, my -+ m=d—1)
= (@™ temTh) £0,
(nilA)d = (™ " mp>0,mi+--+m,=d)=0.
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(d): A := k[z1,29,...]/(x2,22,...) = k[T1,72,...] 0000, nilAd =
(#T.75,...)000. Vo e NODOOD, 0 # 77 € (nilA)* 00

(nil A)™ # 0.
(e): d(Z) =supS>,{n} = o0 ((a) 00O Lemma 6.4).
(f): d(Z) =sups21{2} =2 ((a) 0O O Lemma 6.4). O

Remark 6.8. Example 6.7(d) 00, X O quasi-compact D0 D000 d(X) <
coUODOOOOODOO.

00,0000000000000000, X O noetherian (D OO0O0O
A; O noetherian ring 0 0 0 000 finite open affine covering {Spec 4;} %,
000)000d(X) <ocoOOO. OO, A O noetherian ring 0000,
nilA = (a1,...,a,) D000, a; €nilADDDOOO,00n, e NOODO
a;7=0.0000,n=3"_1(n;-1)+10000 (nilA)"=000000
d(A) <oo. 0000 A4, 0000000000, d(X) = sup™, {d(4;)} < co.

6.2 00U

Example 6.7 0000, (e) 0 sp(Y) 2imf 00000 (Example 4.3) O
00, 0sp(Y)=imfO0O0DD0O (Example 6.1) 000. 000000,
d(Z)00DOOOsp(Y)=imfO0OO0O00DDO0OO00OO. 00,0000
oooag.

00, X O afine 000000

Proposition 6.9. f: Z — X 0O schemes 00 morphism, X 0O affine 0 0O0O.
0000, d(Z) <oco OO0, scheme-theoretic image Y 0000,

sp(Y) =im f

goooo.

Proof. Propositon 4.2 00 000000000.

mf 2 |J Vilerow) H0)

keK
V() (pro9)71(0))

keK
00000000000 Propositon 4.2 000000000.

d:=d(Z) < co0000 V0" =0 in 6,(W,,) (Lemma 6.6). A O ideal
a0000,imf =V(e)0OODOOO. 0000,0ke KOOOO,
Via) 2 V((prow)~'(0) OO,

Va S V(prow) H(0)
= (prop) (V)

Y
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Va' S (prow) (VD)
C (prop) (V')
= (pr o) (0).
ooa,
va' € (N (ko) ),
keK
V(va') 2 V([ (ko) 0)).
keK
000,mf=V(v/a')2Y.00ODODODOODOOOODO. O

00,000 scheme 0O0OD0OOO0ODOOOOO. OO, 00 Example 6.13
000000 dZ) <o 000000000 ODOODOOODOODOOOO.
000, Theorem4.11 0000000000000, 000000 (Theorem
514) 0000000000000 0O0O0OOOOOOO.

Theorem 6.10. f : Z — X [0 schemes 0 morphism OO0 0O. 0000,
d(Z) < oo 0 00O, scheme-theoretic image Y 00 0O,

sp(Y) = im f
00000. 00 Z0 reduced (d(Z)=1) 000 sp(Y) =imf00000.

Proof. im f O reduced structure 0 0 0 O closed subscheme O ideal sheaf
07000.d:=d(Z)00,.¢0000000. 000, O open subset
UCXO000 O0x(U)Dideal #(U)¢ 000000 X OO ideal presheaf
pre-#¢ 0 sheaf 000 X 00 ideal sheaf 00 0. F: #®4 — 0x 00O
00 # - 0x 00000 morphism 0000, #%=imFO000. .# 0
quasi-coherent 0 00 #®¢ 0 quasi-coherent (Lemma 5.4(b)) 00O, im F
O quasi-coherent (Lemma 5.5) OO0 .

{U;}ier O X O open affine subsets 0000 0. #4y, = (£ (U400
ooo, #4U;) =2U)*000.

V0" = 0in 64(F1(U;)) (Lemma 6.6) D0OO00D,

d

FAUHTH0) = fAU)THV0)!

0000, ke fEU;)" C ker f#(U)).
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d(f~Y(U;)) <d < oo 00 fly-1,) : f~H(Us) — U; 0000 Propositon
69000 oono,

V(ker f#(U;)) = mm

_ WU
imfNU;

V(£ (Uy)),

ker f#(U;) VIU) 2 7(U:),7

ker f#(U;) D y/ker f#(Ui)d I (U) = 74U,).

00,000 open subset U C X 0000, {U;}ics O U O open affine
covering 00000 JCIOOOODDDODODO. ker f# 0 sheaf 0000
0000000,Vse Ox(U) 0000,

N

V)

V)

se JYU) = sy, € YD) (Vield)
= sly, € (ker fF)(U;) (VieJ)
= s (ker f#)(U).
000, #9Cker f# in Ox.

0000, #4eJ; (Corollary 5.9 00). 00 4 03, 0000000
0o,s9C .. 000,

sp(Y) Supp(Ox [y )
Supp(Ox /5%
Supp(Ox /.7 )

W7

—
* N

(x)0000:VPeXOODO,

P € Supp(0x /7% (#Yp € Ox p
(Ip) C Oxp
Ip C Oxp

P € Supp(Ox/.9).

O R

gbooobooooooobo. O

0000, Z0 reduced D00 Y O reduced 0000 (Theorem 5.14). O
000000000000 Theorem OO0 .

00 /F(U;)=#(U;) 00000 (Theorem 6.11 00 0).
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Theorem 6.11. f : Z — X 0O schemes 0 morphism OO 0. O0OOO,
scheme-theoretic image Y 0000,

d(Y) < d(Z)

O000O0. 00 Z 0O reduced (d(Z)=1) 000 Y O reduced (d(Y) =1)
goo.

Proof. d(Z) =00 0000000000. D00 d(Z)<occO0O0OOOO.
Theorem 6.10 0000000000000 . . O reduced closed subscheme
0 ideal sheaf 000000, Ox(U;)/#(U;) O reduced 00, /S (U;) =
JU;)ooo.0:0000,

V(AH(U;) = YNU;
= Wﬂ U;
= V(A (Ui),

VI (Ui) = I (U;) = 7 (U)).
siC 4 000000,

Ay = (U C Sy (U),

(il (Ox (Uy) /Iy (U))* = (V I (U:) ) Iy (U:))* = 0.

Y NU; = Spec (6x(U3)/#y(U3))) DOODOO0O00000,dYNU;) < d.
00000,d(Y) =sup;e {dY NUy)} <d=d(2). O

Example 6.1 00 d(Y)=d(Z)=200000,00000000000
0.000000000.

Example 6.12. kO field 00, X := Speck[z] (0 0), Z := Speck[z,y]/(y?)
2000)000. ¢: k] — klr,y]/(y?>) 0000 ring homomorphism [
0,000000 morphismO f:Z — X (-00000)000.0000,
d(Z)=2.00,kerp=k[z]Nn(y*) =000 Y =X000O,dY)=1.

6.3 UDOODOO0OO0OOODOODO ideal sheaf 0000000

Osp(Y)=imfOOOOOOOOO non-reduced-degree 0000000
gooooooobooooo. oo, 0bbo00oooooooog:

e dZ)<oco0DOODUODOUDDDOOODOOOODO.

e d(Z)<oco000D000 S =ker f#000000.

35



00000000 70000000 scheme-theoreticimage 00000007
O0000000. 0400000 (Proposition 4.8, 4.9, Theorem 4.10) O
ooooooooooo:

e non-reduced-degree 0 00000000 Lemma 4.7(c) 000000
gboooobooooboboooooboon.

Example 6.13. k O field 00, A := k[z,y], a, := (z"y,2y?) in A, A, :=
A/ay, Z, :=SpecA, (n>2)000.000,A 0 2-00 y-00 union O
gobooooooboooooon. Z::HZO:QZnDDD.
0000, nilA, = (rymoda,) # 0, (nil 4,)? = (z?y?> moda,) =0. 00
0,d(Z,) =d(4,)=2. 000, d(Z) =sups2,{d(Z,)} =2 < 0.
0000, 02(2) =2, An. a:=(rmoda,), € 0z(Z) 0000,

07 (Z,NZy) = 0z (D(xmoda,))
= A /(z"y,zy”)
= A/(y, %)
= A./(y),

Oz7(Za) = HAx/(y)
n=2

000,b:=(ymoda,)X, € 0z(Z) 0000, bz, = (ymod (y))2, =0
in 0,(Z,). 000,Ym e NODOOO, a™b = (z™ymoda,)i>, # 0. O
O, a2Mmymoda,,+1 #0. 00000, non-reduced-degree 0 0 0 0 O Lemma
4.7(c)00O0OOO.

00, X :=A7 =SpecAO0DDO. f,:Z, — X O closed immersion 00,
f=1sfn:Z—-X00O0O (Figure300).

Figure 3.
oood, fO00000 ring homomorphism O,

(V23 ﬁx(X) =A — ﬁz(Z) = ﬁAn

F +— (Fmoday,);_,
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O00,kerp=Vrpa, = (zy?). 00, F€e(Nya, 00 F£000 m:=
deg, FOODO,00 Fe€apy 000, F=a2""yG+zy*H (G, H € A)
0000.deg, 0 mOO000000D000, F=ay?H € (zy?). 000,
H OHOdg, Om—-100000000.

000, Y := SpecA/(zy?) O scheme-theoretic image 00 0. sp(Y) =
imf=V(ry) 000000,000 Theorem 6.10 00000000000
00D0O0.00,d(Y)=d(Z)=2000, Theorem 6.11 1000000,

O0,opensubset U:=D(z)Cc X OOODOOOO.

Oy(YNU) = 0Oy(D(zmod xyz))
= A /().

000, A (U)=(y?) in A,.
00, 0z(f*U)) = 0z(Za) =15 As/(y) 0ODO,

RO 0x(U) = Ay — 0471 U) = [ Au/)-

F = (Fmod(y)),Z,

000, ker f#(U) =N, Za(y) = (y) in A,
00o0oag, fy #ker f#.

Remark 6.14. Example 6.13 00000000, OO0 scheme O closed
subset 0000 2<d< oo 00000, non-reduced-degree 0 4 00O 00O
00 subscheme 0000000000000 D0OO. O00,d(Z) <000
00000000000000 4 =kerf# 0000000000000
O0000. 00 d=1000, non-reduced-degree O 1 (reduced) O 00O
000000000000, 00oodod,reduced DOOOOOOODOO
ogoooooao.
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HEN

oboogoobogoobooobo,b0bobobobobobgooooooooo
gobooboooboo,0obooboooobooobooo.obogoo
gboboooboooooobooo.oo,bbocoooooboobobooooon
oboooooobooooooo.
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