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Chapter 1: Introduction

Problem 0.1 ( Zariski’s cancellation problem for an affine variety V ).

V ×k A1 ≃ W ×k A1 ⇒ V ≃ W ?

Lemma 0.2 (Danielewski’s fiber product trick). Let X be a k-scheme. If two affine k-schemes

V and W are isomorphic to principal Ga-bundles over X, then V ×k A1 ≃k W ×k A1.

Remark 0.3. principal Ga-bundles over X ↔ H(X,OX)

Definition 0.4.

• Vg := the principal Ga-bundle over X defined by g ∈ Z1(X,OX)

• P(g) := the minimum element of the pair of numbers of poles of g′ ∈ Z1(X,OX) such

that g′ = g in H1(X,OX)

Chapter 2: ZCP for principal Ga-bundles over noetherian integral schemes non-separated over k

Definition 0.5. Let Y be a variety, Z a closed subvariety of Y , and r ∈ N. Let Y0, . . . , Yr
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be r + 1 copies of Y . Then

Y+rZ := Y0 ⊔Y \Z Y1 ⊔Y \Z · · · ⊔Y \Z Yr.

Theorem 0.6. Let P be a closed point of A1
∗ = Speck[x, x−1] defined by f1 = x − 1. Let

X = A1
∗+P , g1 = (x+ 1) · (x− 1)−2, and g2 = (x− 1)−2. Let Vgi be the principal Ga-bundle

over X defined by gi. Then

• Vg1 ≇ Vg2

• Vg1 × A1 ≃ Vg2 × A1

• P(g1) = P(g2) = 2

Chapter 3: ZCP for principal Ga-bundles over quasi-affine varieties

Theorem 0.7. Let Spec(R) be a non-A1-uniruled affine variety. Let (f1, f2) be an R-regular

sequence, where f1 and f2 are prime elements such that the ideal (f1, f2)R is prime. Let Vg

(resp. Vg′) be the principal Ga-bundle over D(f1, f2) that is defined by g = v · f−m
1 f−n

2 (resp.

g′ = w · f−m′

1 f−n′

2 ) with P
(
g′
)
= (m′, n′). Then Vg ≇ Vg′ if (1) or (2) holds.

(1) m′ > m+ n− 1 or n′ > m+ n− 1

(2) m′, n′ ≦ m+ n− 1 and v′ /∈ (f1, f2)
m′+n′−m−n+δ(v), where

δ(v) =

{
0 if v /∈ (f1, f2)

1 if v ∈ (f1, f2).

Corollary 0.8. Let Spec(R) be a non-A1-uniruled affine variety. Let (f1, f2) be an R-regular

sequence, where f1 and f2 are prime elements such that the ideal (f1, f2)R is prime. Let

m,n,m′, n′ be integers. Then

• m+ n ̸= m′ + n′ ⇒ Vf−m
1 f−n

2
≇ V

f−m′
1 f−n′

2

• Vf−m
1 f−n

2
× A1 ≃ V

f−m′
1 f−n′

2
× A1

Corollary 0.9. Let Spec(R) be a non-A1-uniruled affine variety. Let (f1, f2) be an R-regular

sequence, where f1 and f2 are prime elements such that the ideal (f1, f2)R is prime. Let m,n

be integers larger than 1. Let ϕ(X,Y ) be an element of (X,Y ) \ ((X) ∪ (Y )) ⊂ k[X,Y ]

satisfying degXϕ < m, degY ϕ < n. Then

• Vf−m
1 f−n

2
≇ Vϕ(f1,f2)·f−m

1 f−n
2

• Vf−m
1 f−n

2
× A1 ≃ Vϕ(f1,f2)·f−m

1 f−n
2

× A1

• P
(
f−m
1 f−n

2

)
= P

(
ϕ (f1, f2) · f−m

1 f−n
2

)
= (m,n)
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