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Chapter 1: Introduction

Problem 0.1 ( Zariski’s cancellation problem for an affine variety V).
VXkAlﬁkaAl =VW?

Lemma 0.2 (Danielewski’s fiber product trick). Let X be a k-scheme. If two affine k-schemes
V and W are isomorphic to principal G,-bundles over X, then V x; At ~, W x; Al

Remark 0.3. principal G,-bundles over X <> H(X,Ox)
Definition 0.4.

e V, := the principal G,-bundle over X defined by g € Z'(X, Ox)
e P(g) := the minimum element of the pair of numbers of poles of ¢’ € Z}(X,Ox) such
that ¢’ =g in HY(X, Ox)

Chapter 2: ZCP for principal G,-bundles over noetherian integral schemes non-separated over k

Definition 0.5. Let Y be a variety, Z a closed subvariety of Y, and r € N. Let Yp,...,Y,



be r + 1 copies of Y. Then
Y_|_7“Z = YO l—'Y\Z Yl |—|Y\Z te |—|Y\Z Y;«

Theorem 0.6. Let P be a closed point of Al = Speck[z,x~ '] defined by fi = x — 1. Let
X=Al,P,gi=(x+1) (x—1)"2, and go = (x —1)72. Let Vy; be the principal G,-bundle
over X defined by g;. Then

o Vi1 & Vo
QVg1XA12V92XA1
e P(g1) =P(g2) =2

Chapter 3: ZCP for principal G,-bundles over quasi-affine varieties

Theorem 0.7. Let Spec(R) be a non-A'-uniruled affine variety. Let (f1, f2) be an R-reqular
sequence, where fi and fo are prime elements such that the ideal (fi, fo)r is prime. Let V,
(resp. Vg ) be the principal G,-bundle over D(f1, f2) that is defined by g =v- f; ™ fg ™ (resp.
Jg=w- fl_m/fz_nl ) with P (E) = (m',n'). Then V, 2 Vy if (1) or (2) holds.

(1) m>m+n—1orn >m+n-—1

(2) m/,n' Sm4n—1and v’ & (f1, fo)™ ' —m=nH0@) yhere

5(v) = 0 Z-fv¢(f1,f2)
1 ifve(fi,fa)
Corollary 0.8. Let Spec(R) be a non-Al-uniruled affine variety. Let (f1, f2) be an R-reqular

sequence, where f1 and fo are prime elements such that the ideal (f1, fo)r is prime. Let

m,n,m',n’ be integers. Then

° m+n7ém’+n’:V1—mf2_n9_fV,
1
1 ) 1
on;mf;nxA _fo e XA

e
™
Corollary 0.9. Let Spec(R) be a non-Al-uniruled affine variety. Let (f1, f2) be an R-reqular
sequence, where f1 and fo are prime elements such that the ideal (f1, fo)r is prime. Let m,n
be integers larger than 1. Let ¢(X,Y) be an element of (X,Y) \ (X) U (Y)) C k[X,Y]
satisfying degx ¢ < m,degy ¢ < n. Then

o Viempn E Vs poyrrmssm

1 1
° Vf;mf;n X A~ V¢(f1’f2).f;mf;n x A

« P(775) =P (000 f2) - FT7AET) = (mam)




