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2 Classification of polarized manifolds admitting homogeneous
varieties as ample divisors

Definition 2.1. (X, L): sm polarized var < X : sm proj var, L: ample line bundle on X .
Problem 2.2. Classify sm polarized var (X, L) s.t. 3A € |L|: homogeneous var.

Theorem 2.3. Let (X, L) be as in the above problem. Assume that dim A > 2. Then (X, L) is
one of the following:

(i)(Pn+1a Opn+1(4)), 1 =1,2; (ii)(Qn+17 ﬁQ”JFl(l))f'

(iii)(P(&), H(E)), & is an ample vector bundle on a smooth curve C with g(C) =0 or 1 and £
an ample line bundle on C with a exact sequence:

0— Op —&— L9 = 0;

(iv)(P™ x P™, Opmpm (1,1)); (V)(G(2,C*™), Optiicker (1)); (vi) (g (w1), O (o) (1))-

3 Actions of linear algebraic groups of exceptional type on pro-
jective varieties

Problem 3.1. X: sm proj var, G: simple linear algebraic group acting on X.
Then classify such pairs (X, G).

Definition 3.2. r¢ := min{dim G/P | P C G: parabolic subgroup}.

Theorem 3.3. X: a sm proj var of dim n,

G: a simple linear algebraic group of exceptional type acting on X.

Assume that n =rqg + 1. Then X is one of the following:

(i) PS, (ii) QS, (iii) Egs(w1), (iv) Gao(wi + wa),

(V)Y x Z, where Y is Eg(w1), E7(w1), Eg(w1), Fa(wr), Fa(ws), Ga(wi) or Ga(we) and Z is a
sm proj curve,

(vi) P(Oy & Oy (m)), where Y is as in (5) and m > 0.
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4 Lengths of chains of minimal rational curves on Fano mani-
folds

Definition 4.1. Fano var < sm proj var whose anticanonical divisor is ample.

Remark (Definition): Ox(Kx) = A" Qx, Ox(—Kx) = \"Tx.

X: a Fano n-fold with Pic(X) = Z[H] (n > 3), where H is ample,

2 C RatCurves™(X): a minimal rational component,

that is, a dominating irreducible component whose degree is minimal among such components,
ix: Fano index & —Kx =ixH,

coindex(X) :=n+ 1 —ix: coindex.

Problem 4.2. How many J# -curves are needed to join two general points on X ¢

l#: the minimal length of connected chains of general Z -curves joining two general points.

The speaker computed the lenghts in the following four cases:
(i) n <5, (ii) coindex(X) < 3,
(iii) X: prime and ix = 2n, (iv) X admits a double cover structure and is covered by lines.

Basic Property 4.3. For general [C] € A, f*Tx = Op1(2) ® Op1 (1)P & ﬁgflfp, where f :
P! — X is the normalization of C. We have p = ixdy — 2. In particular, 0 < p <n — 1.

Theorem 4.4. (i) Ifp=n—3>0, thenly =2.

(ii) If (n,p) = (5,1), then l» = 3.
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Theorem 4.5. Let X be a prime Fano manifold with ix = %n Then ly = 2 except the
following cases:

(i
(ii

) (3) € P* a hypersurface of degree 3.
) (2) N (2) CP° a complete intersection of two hyperquadrics.
(iii) G(2,C°) N (1)3 C P a 3-dimensional linear section of G(2,CP).
(iv) LG(3,C%) a Lagrangian Grassmann.
(v) G(3,C% a Grassmann.
(vi) S5 :=F5(Q'"))*" a 15-dimensional spinor variety.
)

(vil) E7(wi1) a 27-dimensional rational homogeneous manifold of type Ex.

Furthermore in the above exceptional cases, |y = 3.



