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Examples of rational homogeneous varieties

* P,

* G(r,C"t1),

ooboobb «00boobobooboooboboon.
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Examples of rational homogeneous varieties

* P,
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Examples of rational homogeneous varieties
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Homogeneous varieties as ample divisors

Kiwamu Watanabe, Classification of polarized manifolds admitting
homogeneous varieties as ample divisors, Mathematische Annalen
342:3 (2008), pp. 557-563.00 200000
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Homogeneous varieties as ample divisors

Kiwamu Watanabe, Classification of polarized manifolds admitting
homogeneous varieties as ample divisors, Mathematische Annalen
342:3 (2008), pp. 557-563.00 200000

Definition
(X,L): 00000
< X: 00000000 /C, L: XO0ooooooo.
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Homogeneous varieties as ample divisors

00000 ADDODO |L|000000000000000
(X,L)00000.
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Homogeneous varieties as ample divisors

00000 ADDODO |L|000000000000000
(X,L)00000.

Problem (Special case)

00000000 XcPVNOOODOODDOOODOOO A=XNH
oobobobobobobobon.
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Homogeneous varieties as ample divisors

@ (A. J. Sommese. '76)
AP (n>2) = (X,L) = (P, 01)).
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Homogeneous varieties as ample divisors

@ (A. J. Sommese. '76)
~3(X,L)st. Ac|L: 00D00D00O0 (dimA > 2).
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Homogeneous varieties as ample divisors

Q@ (0O '81)
~3(X,L)st. Ac|Ll: 000DD0O0DOO G(r,C") with
(n,r) # (n,1),(n,n —1),(4,2).
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Homogeneous varieties as ample divisors

@ (A. J. Sommese. '76)
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~3(X,L)st. Ac|L|: 0000000 (dimA > 2).
o (0O '8l)
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Homogeneous varieties as ample divisors

Theorem (W)

(X,L)000 Problem 000000dimA>200000.00
000(X,L)00000000:
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Homogeneous varieties as ample divisors

Theorem (W)
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(1) (P, Opnia(3)), i = 1,2,
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Theorem (W)

(X,L)OO00 ProblemO000000dimA>200000. 00
000(X,L)00000000:

(1) (P™Y Opnia(3)), i = 1,2,

(2) (@™, Ogn+1(1)),

Group actions on projective varieties and chains of rational curve



Homogeneous varieties as ample divisors

Theorem (W)

(X,L)OO00 ProblemO000000dimA>200000. 00
000(X,L)00000000:

(1) (P™Y Opnia(3)), i = 1,2,

(2) (Q™*, O (1)),

(3) (P(&), H(E)),0ODDDEODDO C(PPODOOOOOD ) O
00000000000 CcO00000000000000OO
ooo:

0> Op — & — L9 0.

Group actions on projective varieties and chains of rational curve



Homogeneous varieties as ample divisors

Theorem (W)

(X,L)OO00 ProblemO000000dimA>200000. 00
000(X,L)00000000:

(1) (P™Y Opnia(3)), i = 1,2,

(2) (Q™*, O (1)),

(3) (P(&), H(E)),0ODDDEODDO C(PPODOOOOOD ) O
00000000000 CcO00000000000000OO
ooo:

0> Op — & — L9 0.

(4) (P! x P!, Opiypi(1,1)),

Group actions on projective varieties and chains of rational curve



Homogeneous varieties as ample divisors

Theorem (W)

(X,L)OO00 ProblemO000000dimA>200000. 00
000(X,L)00000000:

(1) (P™Y Opnia(3)), i = 1,2,

(2) (Q™*, O (1)),

(3) (P(&), H(E)),0ODDDEODDO C(PPODOOOOOD ) O
00000000000 CcO00000000000000OO
ooo:

0> Op — & — L9 0.

(4) (P! x P!, Opiypi(1,1)),
(5) (G(27 (C2l)7 ﬁplﬁckcr(l)),

Group actions on projective varieties and chains of rational curve



Homogeneous varieties as ample divisors
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Homogeneous varieties as ample divisors
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Homogeneous varieties as ample divisors

Definition (O O '82)

X O NS-condition0 000 < HY(X,Tx[—L]) =0 for VL: 00O
ooooO,g=0,1.
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Homogeneous varieties as ample divisors

Definition (O O '82)

X O NS-condition0 000 < HY(X,Tx[—L]) =0 for VL: 00O
ooooO,g=0,1.

Proposition (O O '82)

NS-condition0 000 O000O0O00OOOCOOOO0OOODOOCOD
gooogo
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Homogeneous varieties as ample divisors

Definition (O O '82)

X O NS-condition0 000 < HY(X,Tx[—L]) =0 for VL: 00O
ooooO,g=0,1.

Proposition (O O '82)

NS-condition0 000 O000O0O00OOOCOOOO0OOODOOCOD
gooogo

XDDI]I]DD(dimXEZ)DDDDDDDDD:

@ X O NS-conditionO OO QO QODO.

@ XODOoooooo:
(a) P, (b) Q" () C xP 1, cOPlOODODDODOO,
(d) P(Tp1), (e) Ci(wz), (f) Fi(wa).
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Homogeneous varieties as ample divisors

A= Fy(w) 000
~ L: 000000ie, ¢p: X - PY: 00000
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Homogeneous varieties as ample divisors

A~ Fy(w,) 000
~ L:000000ie, ¢: X —PV: 00000
~A=XNHcX cPV,
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Homogeneous varieties as ample divisors

A~ Fy(w,) 000
~ L:000000ie, ¢: X —PV: 00000
~A=XNHcX cPV,

Definition

XcPV:nO0DODD0ODOO0OO0O0O0DDODO
X: SeveriD OO < 3n=2(N—2) 00 Sec(X) # PV,
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Homogeneous varieties as ample divisors

A~ Fy(w,) 000
~ L:000000ie, ¢: X —PV: 00000
~A=XNHcX cPV,

Definition
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X: SeveriD OO < 3n=2(N—2) 00 Sec(X) # PV,

Theorem (Zak)
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Q P2 x P2 C P8: Segre0 0 0O.
Q@ G(P!,P%) C P!*: GrassmannO O 0.
Q Es(w) CP*: E,0DDO.
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Actions of linear algebraic groups of exceptional type

Kiwamu Watanabe, Actions of linear algebraic groups of
exceptional type on projective varieties, Pacific Journal of
Mathematics 239:2 (2009), pp. 391-395.00 300000
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Actions of linear algebraic groups of exceptional type

Kiwamu Watanabe, Actions of linear algebraic groups of
exceptional type on projective varieties, Pacific Journal of
Mathematics 239:2 (2009), pp. 391-395.00 300000

Problem

X:0Ooooo,

G: XOOOoooooooooo.
000000 (X,G)ooooo.
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Actions of linear algebraic groups of exceptional type

Known Results

@ (0O, '79)
G=SL(n), X: n0ODO.
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Actions of linear algebraic groups of exceptional type

Known Results

Q@ (0O-00, '83)
G=SL(2), X: 300000,
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Actions of linear algebraic groups of exceptional type

Known Results

o (0, '89)
G: 0000000, xX:300.
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Actions of linear algebraic groups of exceptional type

Known Results

Q (S. Kebekus, '00)
X:30000.
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Actions of linear algebraic groups of exceptional type

Known Results

© (M. Andreatta, '01)
G:0ooboooo, X:ooo.
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Actions of linear algebraic groups of exceptional type

Known Results

Q@ (0O, '79)
G=SL(n), X: n0ODO.
@ (00-00, '83)
G=SL(2), X:300000.
Q@ (00O, '89)
G:0o0ooooo, X:300.
Q (S. Kebekus, '00)
X:30000.

© (M. Andreatta, '01)
G:0ooboooo, X:ooo.
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Actions of linear algebraic groups of exceptional type

Andreatta’s Work

re = min{dinG/P|PCG: 000000 }.
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Actions of linear algebraic groups of exceptional type

Andreatta’s Work

re = min{dinG/P|PCG: 000000 }.

Proposition (M. Andreatta, '01)

(1) n >rg,
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Actions of linear algebraic groups of exceptional type

Andreatta’s Work

re = min{dinG/P|PCG: 000000 }.

Proposition (M. Andreatta, '01)

(1) n>rg,

(2)00n=rc00,X0000000000

]Pm, Qn, Eﬁ(wl), E7(w1), Eg(wl), F4(w1), F4(LU4), Gg(wl) or
GQ(CUQ).

o0, Xo0ooooooo.
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Actions of linear algebraic groups of exceptional type

Theorem (M. Andreatta, '01)
G:O00000n=r¢g+100 XOOOOOOODO ::
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Actions of linear algebraic groups of exceptional type

Theorem (W)
G:00000n=reg+1000X0O0000000O0O:
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Actions of linear algebraic groups of exceptional type

Theorem (W)

G:00000n=re+1000X00000000:
(1) PS,
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Actions of linear algebraic groups of exceptional type

Theorem (W)

G:00000n=r¢+1000X00000000:
(1) P°,
(2) Q°,
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Actions of linear algebraic groups of exceptional type

Theorem (W)

G:00000n=rg+1000X00000000:
(1) P,

(2) Q°,

(3) Ee(wr),
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Actions of linear algebraic groups of exceptional type

Theorem (W)
G:00000n=reg+1000X0O0000000O0O:
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Actions of linear algebraic groups of exceptional type

Theorem (W)
G:00000n=reg+1000X0O0000000O0O:

Gg(wl +w2)
YxZ, O0O00OY: Eg(wl) E7(w1), Eg(u)l), F4(Ld1), F4(Ld4),
Gg(wl) or GQ((UQ), Z: 00000 ,
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Actions of linear algebraic groups of exceptional type

Theorem (W)
G:00000n=reg+1000X0O0000000O0O:

x <, 0000Y: Eg(wl) E7(w1), Eg(u)l), F4(Ld1), F4(Ld4),
(wl) or GQ((UQ), Z: 00000 ,
(6) P(Oy @ Oy(m)), 0000Y: (5)0000m > 0.

)
(4) Gz(uJ1 + wa),
)Y
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Actions of linear algebraic groups of exceptional type

Theorem (W)
G:00000n=reg+1000X0O0000000O0O:

(6) P(Gy @ Oy(m)), 0000Y: (5)0000m > 0.
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Actions of linear algebraic groups of exceptional type

goodd

Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad
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Actions of linear algebraic groups of exceptional type

goodd

Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad

¢0: X—-70GOOOOO ~XOODOOO

Group actions on projective varieties and chains of rational curve



Actions of linear algebraic groups of exceptional type

goodd

Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad

o: X—-7Z0GOO0O0O0O ~XOOOODO
Example: dim X >dimZ >000 G~ Z:000000
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Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad
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Example: dim X >dimZ >000 G~ Z:000000
G~ F = (fiberof ¢): 0000
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Example: dim X >dimZ >000 G~ Z:000000
G~ F = (fiberof ¢): 0000
dJGpCc F: O0O0O.
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Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad

¢0: X—-70GOOOOO ~XOODOOO

Example: dim X >dimZ >000 G~ Z:000000
G~ F = (fiberof ¢): 0000

dJGpCc F: O0O0O.
n—1=r¢ <dmGp <dimF <n-—1.

~ (dim F,dimZ) = (n —1,1) and FO G-0 0.
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Actions of linear algebraic groups of exceptional type

goodd

Lemma (D O-00, '83)
Q@ do: X—-Z:0OOOOOODO
Q@ o0 GOOOOOODOO GO ZzOOOoOooOad

¢0: X—-70GOOOOO ~XOODOOO

Example: dim X >dimZ >000 G~ Z:000000
G~ F = (fiberof ¢): 0000

dJGpCc F: O0O0O.
n—1=r¢ <dmGp <dimF <n-—1.

~ (dim F,dimZ) = (n —1,1) and FO G-0 0.
~X=2FxZ.
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p(X)=1000.
~ X: FanoO OO, Pic X £ 7Z.
X G-00000.
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p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.
X G-0O00oo.
JH=GpC X: 00O0O.
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Actions of linear algebraic groups of exceptional type

p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.
X G-0O00oo.
JH=GpC X: 00O0O.
n—1=rg<dimH <n.
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Actions of linear algebraic groups of exceptional type

p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.
X G-0O00oo.
JH=GpC X: 00O0O.
n—1=rg<dimH <n.
H:Oooooooooo:
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Actions of linear algebraic groups of exceptional type

p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.

X:G-00000.

JH =Gpc X:00O0O.

n—1=rg<dimH <n.

H:OODOoOoOoOooood:
Ee(wl),E7(w1),Eg(wl),F4(w1),F4(w4),G2(w1),G2(w2).
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p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.

X:G-00000.

JH =Gpc X:00O0O.

n—1=rg<dimH <n.

H:OODOoOoOoOooood:
Ee(wl),E7(w1),Eg(wl),F4(w1),F4(w4),G2(w1),G2(w2).
PicX=Z~ H: XODOOOODOO.
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Actions of linear algebraic groups of exceptional type

p(X)=1000.

~ X: FanoO OO, Pic X £ 7Z.

X:G-00000.

JH =Gpc X:00O0O.

n—1=rg<dimH <n.

H:OODOoOoOoOooood:
Ee(wl),E7(w1),Eg(wl),F4(w1),F4(w4),G2(w1),G2(w2).
PicX=Z~ H: XODOOOODOO.

(X, H) = (Eg(w1), Fa(ws)), (P%,Q°) or (Q° Q°).
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Actions of linear algebraic groups of exceptional type

goog

n=rqg+ 1000000000000 0O0O0OOCOOO0O0OO0O
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Actions of linear algebraic groups of exceptional type

goog

n=rqg+ 1000000000000 0O0O0OOCOOO0O0OO0O

QO Andreatta000O00000O0O0On=reg+10000000
gboboboobooboooooooooon
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Actions of linear algebraic groups of exceptional type

goog

n=rqg+ 1000000000000 0O0O0OOCOOO0O0OO0O

QO Andreatta000O00000O0O0On=reg+10000000
gboboboobooboooooooooon

Q@ Uiuidbuoonbuoobogn
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Kiwamu Watanabe, Lengths of chains of minimal rational curves
on Fano manifolds, June 2009, submitted.0 0 40000 O
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Lengths of chains of minimal rational curves on Fano manifolds

Kiwamu Watanabe, Lengths of chains of minimal rational curves
on Fano manifolds, June 2009, submitted.0 0 40000 O

Definition
FanoOOO « 00000000000 OC0OOOODOOO.
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Lengths of chains of minimal rational curves on Fano manifolds

Kiwamu Watanabe, Lengths of chains of minimal rational curves
on Fano manifolds, June 2009, submitted.0 0 40000 O

Definition
FanoOOO « 00000000000 OC0OOOODOOO.

Problem (Special Case 1)

X cPVNO Picardd 10 FanoO DD DOODOOOO XO linedDO
O0O000,X00000 2000040 lineb0O0OOO07?
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Lengths of chains of minimal rational curves on Fano manifolds

Kiwamu Watanabe, Lengths of chains of minimal rational curves
on Fano manifolds, June 2009, submitted.0 0 40000 O

Definition
FanoOOO « 00000000000 OC0OOOODOOO.

Problem (Special Case 1)

X cPVNO Picardd 10 FanoO DD DOODOOOO XO linedDO
O0O000,X00000 2000040 lineb0O0OOO07?

I: the min length of connected chains of lines joining two gen pts.
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Lengths of chains of minimal rational curves on Fano manifolds

Q X=P"=1[]=1.
@ X=Q"(n>3)=>1=2
Q@ X =G(2,C0 c P4 =
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Q@ X=P"=]=1.
Q@ X=Q"(n>3)=>1=2.
Q@ X=G(2,C0) cPH=]=2
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Lengths of chains of minimal rational curves on Fano manifolds

Q@ X=P"=]=1.
Q@ X=Q"(n>3)=>1=2.
Q@ X=G(2,C0) cPH=]=2

Proof of (3).
z,y € G(2,C%: OO
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Lengths of chains of minimal rational curves on Fano manifolds

Example

QO X=P'"=I[=1.

Q@ X=Q"(n=3)=1=2.
Q@ X=G2,C)cPi=1=2

Proof of (3).
r,y € G(2,C%: OO
«—— Ly, L, CC% 200.
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Lengths of chains of minimal rational curves on Fano manifolds

Example

QO X=P'"=I[=1.

Q@ X=Q"(n=3)=1=2.
Q@ X=G2,C)cPi=1=2

Proof of (3).

r,y € G(2,C%: OO

— L,,L, CcC% 200.
V:=<Ly L,>CCb: 400.
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Lengths of chains of minimal rational curves on Fano manifolds

Example

QO X=P'"=I[=1.

Q@ X=Q"(n=3)=1=2.
Q@ X=G2,C)cPi=1=2

Proof of (3).

r,y € G(2,C%: OO

— L,,L, CcC% 200.
Vi=<L,;L,>CC% 400.

r,y € G(2,V) C G(2,C% and G(2,V) = Q*.
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Lengths of chains of minimal rational curves on Fano manifolds

Example

QO X=P'"=I[=1.

Q@ X=Q"(n=3)=1=2.

Q@ X=G2,C)cPi=1=2

Proof of (3).

r,y € G(2,C%: OO

— L,,L, CcC% 200.

V:=<Ly L,>CCb: 400.

r,y € G(2,V) C G(2,C% and G(2,V) = Q*.
o000l =2.
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X cPVN:line00OOOOO Picardd 10 FanoO OO O
(eg. ix =1)
XOconcOOOOOOOO.
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X cPVN:line00OOOOO Picardd 10 FanoO OO O
(eg. ix =1)

XOconcOOOOOOOO.

Problem (Special Case 2)

XO0OOOOo 2000OO00ODOO0OOO00Od conicOOOO?
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X cPVN:line00OOOOO Picardd 10 FanoO OO O
(eg. ix =1)

XOconcOOOOOOOO.

Problem (Special Case 2)

XO0OOOOo 2000OO00ODOO0OOO00Od conicOOOO?

(eg. (N)CPN: OO NODDOODD))
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o00000D0 f:P'—-X0OO0O, f(PY: 0ODODO.
o Ratcurvesn(X) e {X ooooono }normalization_
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Lengths of chains of minimal rational curves on Fano manifolds

o00000D0 f:P'—-X0OO0O, f(PY: 0ODODO.
o Ratcurvesn(x) e {X ooooono }normalization_

Pic(X)~Z[H] (HDOOO)OODO.
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Lengths of chains of minimal rational curves on Fano manifolds

o00000D0 f:P'—-X0OO0O, f(PY: 0ODODO.
o Ratcurvesn(x) e {X ooooono }normalization_

Pic(X)~Z[H] (HDOOO)OODO.

0000 . C RatCurves™(X)O OO,

ody =HCfor[Clex: 00O

© J: dominating irr comp < U C=X.
[Clex
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Lengths of chains of minimal rational curves on Fano manifolds

o00000D0 f:P'—-X0OO0O, f(PY: 0ODODO.
o Ratcurvesn(X) e {X ooooono }normalization_

Pic(X)~Z[H] (HDOOO)OODO.

0000 . C RatCurves™(X) O OO,

ody =HCfor[Clex: 00O

© J: dominating irr comp < U C=X.
[Clex

Definition

2 : minimal rational component < OO0 00O O dom irr comp.
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Lengths of chains of minimal rational curves on Fano manifolds

o00000D0 f:P'—-X0OO0O, f(PY: 0ODODO.
o Ratcurvesn(X) e {X ooooono }normalization_

Pic(X)~Z[H] (HDOOO)OODO.

0000 . C RatCurves™(X) O OO,

ody =HCfor[Clex: 00O

© J: dominating irr comp < U C=X.
[Clex

Definition

2 : minimal rational component < OO0 00O O dom irr comp.

Remark
Q@ X:lineOOOOO = .7 line00O.
Q@ X:lineOOOOUOOO conicOOOOO = £ conicOO.
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Lengths of chains of minimal rational curves on Fano manifolds

Problem

Problem (Hwang-Kebekus '05)
XO0o0ooo 200000 #Z-cunveOODOOOOO?

[ := the min length of connected chains of general .Z"-curves
joining two gen pts.
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Lengths of chains of minimal rational curves on Fano manifolds

Q X =P"= % = {linesin P"},l» = 1.
Q@ X=Q"= % ={linesin Q"},l» =2.
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Lengths of chains of minimal rational curves on Fano manifolds

Q X =P"= % = {linesin P"},l» = 1.

Q@ X =Q"= % = {lines in Q"},l» = 2.

@ X=(N)cPVN: 0O NODODDODODOO
= ¥ = {conics in (N)}.
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Lengths of chains of minimal rational curves on Fano manifolds

Motivation [Nadel '91, Kollar-Miyaoka-Mori '92]
Boundedness of Fano manifolds

Theorem (Nadel '91, Kollar-Miyaoka-Mori '92)

O00neNODOO, PicardO 10 n00 FanocOODOOOODODO
ooobo.
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Lengths of chains of minimal rational curves on Fano manifolds

Motivation [Nadel '91, Kollar-Miyaoka-Mori '92]
Boundedness of Fano manifolds

Theorem (Nadel '91, Kollar-Miyaoka-Mori '92)

O00neNODOO, PicardO 10 n00 FanocOODOOOODODO
ooobo.

Theorem (Nadel, Kollar-Miyaoka-Mori)
ly<n
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Lengths of chains of minimal rational curves on Fano manifolds

Motivation [Nadel '91, Kollar-Miyaoka-Mori '92]
Boundedness of Fano manifolds

Theorem (Nadel '91, Kollar-Miyaoka-Mori '92)

O00neNODOO, PicardO 10 n00 FanocOODOOOODODO
ooobo.

Theorem (Nadel, Kollar-Miyaoka-Mori)

ly<n

Theorem
0<(—Kx)" < (n(n+1))".
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Lengths of chains of minimal rational curves on Fano manifolds

Known results and our goal

Definition ix: X 0 FanoO O < —Kx =ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.
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Lengths of chains of minimal rational curves on Fano manifolds

Known results and our goal
Definition ix: X 0 FanoO O < —Kx = ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

OoOobOobOoDOd lenghtOonO:
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Known results and our goal
Definition ix: X 0 FanoO O < —Kx = ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

O0o0ooooogdlenghtddOo:
Q n <5,
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Known results and our goal
Definition ix: X 0 FanoO O < —Kx = ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

O0o0ooooogdlenghtddOo:
Q n <5,
@ coindex(X):=n+1—ix <3,
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Lengths of chains of minimal rational curves on Fano manifolds

Known results and our goal
Definition ix: X 0 FanoO O < —Kx = ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

O0o0ooooogdlenghtddOo:
Q n <5,
@ coindex(X):=n+1—ix <3,

© X: primeand ix = %n

Group actions on projective varieties and chains of rational curve



Lengths of chains of minimal rational curves on Fano manifolds

Known results and our goal

Definition ix: X 0 FanoO O < —Kx =ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

O0o0ooooogdlenghtddOo:

Q n <5,

@ coindex(X):=n+1—ix <3,

© X: prime and iX:%n,

Q XUOOOOODDOOoOoOOIleeOODOOOOAO.
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Lengths of chains of minimal rational curves on Fano manifolds

Known results and our goal

Definition ix: X 0 FanoO O < —Kx =ixH.

Theorem (Hwang-Kebekus '05, lonescu-Russo '07)
X:n0O0O prime Fano #P" 0 ix >2n 0000000, Ly =2.

Definition X: prime Fano < H: 00O 0O0O0O.

000000000 lenghtO0OO0O:

Q n <5,

@ coindex(X):=n+1—ix <3,

© X: prime and ingn,

Q@ XOOOOOOooOoooo lineObOobOoooO.
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Lengths of chains of minimal rational curves on Fano manifolds

Notation

X:n0O0O FanoO OO s.t. Pic(X) =Z (n > 3),

# C RatCurves”(X): min rat comp,

l#: the min length of connected chains of general J# -curves
joining two gen pts.
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Lengths of chains of minimal rational curves on Fano manifolds

Notation

X:n0O0O FanoO OO s.t. Pic(X) =Z (n > 3),
# C RatCurves”(X): min rat comp,
l#: the min length of connected chains of general J# -curves

joining two gen pts.

Basic Property

000 [Cle # 000, f*Tx 2 0p(2) ® Op(1)P @ Op ' P, O
OO0f:P'—>XOCOOOO.

p=ixdy —2(0<p<n-—1).
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Table of Iy (n <5)

Theorem 1 (W)

p=n—-3>0=1y=2.
(n,p) = (5,1) = Iy =3.

L] |

[Le [n]p|le[n]p|lr]
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.
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32 113 5[ 4
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310 401 5 2
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.

(nlp[lenlp[lenp|lr]
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.

Fano manifolds

(nlp[lenlp[lenp|lr]
3[2] L [4[3] 1 [5]4]1 P"
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310 401 5 2
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.

Fano manifolds

(nlp[lenlp[lenp|lr]
3[2] 1 [4[3] 1 [5]4] 1 P"
31 42 513
310 401 5 2
410 51
510
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.

Fano manifolds

(nlp[le [n]p|le[n]p]ir]
321 431 [5]4] 1 P"
301 4|2 5103 Q"
310 401 512
410 511
5(0
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Table of Iy (n <5)

Theorem 1 (W)
p=n—-3>0=1y=2.
(n,p) = (5,1) = Ly = 3.

Fano manifolds

(nlp[lenlp[lenp|lr]
3[2] 1 [4[3] 1 [5]4] 1 P"
3|1 2 422 |5]3] 2 Q"
310 401 5 2
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Lengths of chains of minimal rational curves on Fano manifolds

Table of Iy (n <5)

Theorem 1 (W)

p=n—-3>0=1y=2.
(n,p) = (5,1) = Iy =3.

(nlp[lenlp[lenp|lr]
3[2] 1 [4[3] 1 [5]4] 1 P"
3(1] 2 |4]2] 2 |5]3]2 Q"
310 41 5 2
4]0 51
510
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Table of Iy (n <5)

Theorem 1 (W)

p=n—-3>0=1y=2.
(n,p) = (5,1) = Iy =3.

nlpllrnlp[ir[n]p[ir]
3121 1 (43| 1 |54 1 P
3111 2 (|4]2] 2 |53 2 Q"
310 411 512
410 511
510 p=0=1ly=n
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Table of Iy (n <5)

Theorem 1 (W)
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p=n—-3>0=1y=2.
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Lengths of chains of minimal rational curves on Fano manifolds

Table of Iy (n <5)

Theorem 1 (W)

p=n—-3>0=1y=2.
(n,p) = (5,1) = Iy =3.

nlpllrnlp[ir[n]p[ir]
3121 1 (43| 1 |54 1 P
3111 2 (|4]2] 2 |53 2 Q"
3101 3 (| 4]1] 2 (52| 2
410 4 |5]|1] 3
510 5 [|[p=0=1lpy=n

00,n<500,l,0 (n,p)0000000.
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Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) ‘ X
0 pr 1
1 Q"
2 del Pezzo 3-fold
2 del Pezzo n-fold (n > 3)
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Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) | X 22
0 pr 1
1 Q"
2 del Pezzo 3-fold
2 del Pezzo n-fold (n > 3)

Remark 1: coindex(X)=2=p=n—3.
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Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) | X 22
0 pr 1
1 Q"
2 del Pezzo 3-fold
2 del Pezzo n-fold (n > 3)

Remark 1: coindex(X)=2=p=n—3.
Remark 2: p=0= 1,4 =n.
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Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) ‘ X ‘ 1y

A
0 P 1
1 Q" 2
2 del Pezzo 3-fold 3
2 del Pezzo n-fold (n > 3)

Remark 1: coindex(X)=2=p=n—3.
Remark 2: p=0= 1,4 =n.
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Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) ‘ X ‘ Ly
0 P" 1
1 Qr p
2 del Pezzo 3-fold 3
2 del Pezzo n-fold (n > 3)

Remark 1: coindex(X)=2=p=n—3.
Remark 2: p=0= 1,4 =n.
Thm1l: p=n—-3>0=1,4 =2.

Group actions on projective varieties and chains of rational curve



Lengths of chains of minimal rational curves on Fano manifolds

coindex(X) < 3

coindex(X) ‘ X ‘ 1y

A
0 P 1
1 Q" 2
2 del Pezzo 3-fold 3
2 del Pezzo n-fold (n > 3) | 2

Remark 1: coindex(X)=2=p=n—3.
Remark 2: p=0= 1,4 =n.
Thm1l: p=n—-3>0=1,4 =2.
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Lengths of chains of minimal rational curves on Fano manifolds

Theorem 2 (W)

coindex(X) =3,n > 6 = | » = 2 except the case X = LG(3,6):
6-dim Lagrangian Grassmann.

LG(3,6) :={[V] € G(3,6)|w(V,V) = 0}, w: symple form on C°.
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Lengths of chains of minimal rational curves on Fano manifolds

Theorem 2 (W)

coindex(X) =3,n > 6 = | » = 2 except the case X = LG(3,6):
6-dim Lagrangian Grassmann.

LG(3,6) :={[V] € G(3,6)|w(V,V) = 0}, w: symple form on C°.

w koo VS
[\
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Lengths of chains of minimal rational curves on Fano manifolds

Theorem 2 (W)

coindex(X) =3,n > 6 = | » = 2 except the case X = LG(3,6):
6-dim Lagrangian Grassmann.

LG(3,6) :={[V] € G(3,6)|w(V,V) = 0}, w: symple form on C°.

w koo VS
[\

n>4=p=n—4.000010,0000 (n,p)0000O000
oo.
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Lengths of chains of minimal rational curves on Fano manifolds

X: prime and ix = 2n

3

Theorem (W)

X: primeFano,iX:%n. 0000000 O0O0000 Ly =2:
@ 3)cP:0030000.

Q@ (2)N(2)cPs: 200 2000000000.

Q@ G(2,5)n(1)*cPb: G(2,5)0 30000000,

© LG(3,6): Lagrangian Grass .

@ G(3,6): Grass.

Q S5 :=F5(Q'%)*: 1500 spinor0 0 0.

Q@ E;(w): B0027000000000.
ooooooa, iy =3.
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Lengths of chains of minimal rational curves on Fano manifolds

X: prime and ix = 2n

3

Theorem (W)

X: primeFano,iX:%n. 0000000 O0O0000 Ly =2:
@ 3)cP:0030000.

Q@ (2)N(2)cPs: 200 2000000000.

Q@ G(2,5)n(1)*cPb: G(2,5)0 30000000,

©Q LG(3,6): Lagrangian Grass .

© G(3,6): Grass.

Q S5 :=F5(Q°)": 1500 spinor0 0 0.

Q@ E;(w): B0027000000000.
ooooooa, iy =3.
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Lengths of chains of minimal rational curves on Fano manifolds

Q@ X c PV: conic-connected & X OO OOO 200 XOO
conicOOOODOOO.

@ Sx:= ) <zy>XDO00DDO.
zAyeX

Remark: dim SX < 2n + 1.

Definition

X c PV: defective & dim SX < 2n + 1.
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Lengths of chains of minimal rational curves on Fano manifolds

Corollary (W)
X: primeFano,iX:%nDD n>6 0000000000
Q Iy #2.
Q [, =23
Q@ X CP(HX,0x(H))): conic-connected 1 0 0.
Q dimS'X =2n+ 1.
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Lengths of chains of minimal rational curves on Fano manifolds

Corollary (W)
X.'primeFano,iX:%nDD n>6 0000000000
Q Iy #2.

Q@ v =3
Q@ X CP(HX,0x(H))): conic-connected 1 0 0.
Q dimS'X =2n+ 1.

Q@ X CPHX,0x(H)ODOOOOODOODOOO
LG(&G), G(ﬁ()), S5 or ET(u,‘1>.
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Lengths of chains of minimal rational curves on Fano manifolds

’ Property ix > %n ix = %n ix = %n
Ly 2 2 3
Conic-connectedness Yes Yes No
Defectiveness of the sec var Yes Yes No
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Lengths of chains of minimal rational curves on Fano manifolds

’ Property ix > %n ix = %n ix = %n
Ly 2 2 3
Conic-connectedness Yes Yes No
Defectiveness of the sec var Yes Yes No

ix = §n O conic-connectedness 0 O O O O O O defectiveness O O
O0o0o0ooooooo.
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Lengths of chains of minimal rational curves on Fano manifolds

good

00000000 OFanod OO0 lengthO O OO,

Q dim X <50

@ coindex(X) < 3,

Q X: prime 00O iX:%dimX,

Q X:200000D00D0ODOODO 100000000000
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Summary

Summary

QO l0i0ooboooobooooooooooooooog
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Summary

Summary

Q@ l0il00oboooobooooooooooooooog
Qn=rg+10000000000000O00O000ODO0O0OOO0
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Summary

Summary

Q@ l0il00oboooobooooooooooooooog

QO n=rqe+100000000000000000O0OOOOO
© UII0D0OOOooooDooood lengthOOog.

@ dim X <50

® coindex(X) < 3,

@ X: primed0O iX:%dimX,

Q0 X:20000000000D00 1000000 DOOO0OO0
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Summary

Summary

Q@ l0il00oboooobooooooooooooooog

QO n=rqe+100000000000000000O0OOOOO
Q@ DII0ODO0OODDOOO0ODOOODnOO lengthOOODO.

@ dim X <50

® coindex(X) < 3,

@ X: primed0O iX:%dimX,

Q0 X:20000000000D00 1000000 DOOO0OO0
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